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JiVluWI 
Existence and Uniqueness Theorem 

■>>*j jt <i^a^ J^Jl U>aI UL .ID jj j ^j^l i>LJL l^K j.1juj 

-s^o? J^ii vd>^i (Picard) jjI^lu ^ui ij^ ^ 

— = /(^>'), ><*)«*> 

* = * ^ y i^fl J\ y(x ) = >> ^1 j&VI iLj-UL^o ) = >\> J»J-^' 

Picard's approximation method JUSX\ uijiiili JjLSuu 42j>Jb - Y 

dy 

y), y(x )=y U) 

^ (* ,x) spill (1) J*b=i j 

J* = j/(*,>0* 

X 

y(x)-y = jf(s y y)ds 



X 

y(x)=y + \f(*>y)ds (2) 



x 



t-^J — = J>) c^-lc J . .a - W i (2) J__J»UL. (2) J_5*J 

j-a a n ^«M o Jc J . j y(^ ) = >; tflj<x ) = ;> +0 J—=^ (2)^* = jc 
C^ljGiJI Joj-JJl Uliilu*, (x ,*) s^LiJ! ^JL J-l^JL (1) <>. (2)^ 

o^iaJI Jl Iju*j j>(x ) = y 

ur^3 (2) * jUt^i'.H ^U*U M-^ o^^j (1) i_olji»VI i^oiJI <JUJL J* j I 
.( 1 ) U±*}\ ULJl >U o^x; (2) -uUL^UI ibUI J* ^1 o-^uJI 

^ t cjLuJ <uk. Jj^JI o£=*+M (2) <>• o-vVl jjJs J^l^UI o! vl^j 

.^h (2) 4,UI<n-H 

JLi J^iis (2) <ys ilal^dl aJIjJI = _y ^ Jji ^ n-^n 

x 

yi(x) = y + \f(s t y )ds (3) 

x 

J^s] 4*^3 JjVl v^>^W t^—Jj i^IiLUt >>(*) ^ y l (x) 

x 

jM*)^** J/fr.^WXfr (4) 



vi 



x 



(*)> >»2 to. ^3 X, to,- 
|- = 2^-2*'-3, y(0) = 2 (1) 

y' = 2y-2x 2 -3, y = 2, x = (2) 

x 

J\ =y<> + lf(s,y n -,(s))ds (3) 
f(x,y) = 2y -2x 2 -3, x =0,.y o =2 (4) 

Cr^- J inWi (3) Cj^3 

x 

y,=2 + j(2y,_,-2s ! -3)ds (5) 



X 

*=2+ J(2y -2j 2 -3)df 



j 9 HI ejlill 



X 

= 2 + J(4-2s 2 -3)<fc 



o 

x 



= 2 + j(l-2s 2 )ds 
o 

2s 3 2x 3 
= 2 + [s-f±-%=2+x-±j- (6) 

^ic JmVi (5) Il = 2 : ,^iaJl ; o >-alJ I 

x 

y 2 = 2+ j(2y i -2s 2 ~3)ds 
o 

= 2+ j[2{2 + s-— }-2s 2 -3]<fc 
o ^ 

«2.+ J[1 + 2j-25 2 -— ]ds 

= 2+*+jc 2 - — - — (7) 

3 3 

j ^y, (5) ^ n = 3 j-us^j 

= 2 + j(2y 2 -2s 2 -3>fc=2 + 'p{2+s+s 2 -— — — }-2* 2 -3]<fc 
o o 3 3 

= 2 + )[\ + 2s-—--s 4 yis 
o 3 3 

=2+*+* 

3 10 



* 



ilLcJLI J^J vi_0 v^illl jUoV J Lull c-jj^iii j jL^u ; t*-. 

^ = *+/,j>(0) = o 

ax 

LbjJ 

T~=x+y\y{0)=o (i) 

ox 

(*<,) = >>«, (2) 

x 

y„=y„+ lf(s,y.-,(.s))ds (3) 

= * +.y 2 ,* o =0,.V o =0 (4) 
y. = f (5) 

^ = £ [*+WJfe = J[«fc=jjr i (6) 

(5) 



j 9 m mifji 



x 

>>3 = ft**^]^ 



1 2 1 5 1 II 1 8 

= — * + JC +— JC + JC 



JO 



1 -7 



f + — s ]ds 

400 20 



03C JC 



2 20 4400 160 

0) 



x,-/,y.-VC*.>)-*-(-) 



(2) 
(3) 

jt JL>o (2) < ( 1 ) OjLUj 

(4) 



=- ai^^^Qaqllciutai ===== JgMl^plfJI "5= 

(j^c J10W1 (3) {jj* 

y ^2 + ^[2-ly,. lV s (5) 

^ ju^(5) cr in=l t^^j : ,uVl^oaui 
y t = 2 + J[2 - (I),,]* = 2 + Jp - (-)]& 

r * r j (6) 

= 2 + [2-21njJ = 2 + 2* -2 hut -2 = 2x -2\nx 

cr^ J^*i <6) ^IjLi^Lj (5) ^ n=2 ; f JUJI^ JJ I 

2 = 2+ J[2-^-4fc =2+ J[2 — (2s -21n5)>fc 
2 + 2 fins I<& = [2 + (lnj) 2 ]* = 2 + ln 2 ;r ^ 

r * 

cr 1 ^ J CI) ^hVniiLj (5) ^ n=3 ^yiuJI 
^, =2 + ^2-1^ <fc 

* 1 

= 2+ j[2— {2 + ta 2 j}]<fc = 2 + 2jc-21njt-(l/3)ln 3 ;t-2 

= 2* -2 In* --In 3 
3 

^ = >>-*,j/(0) = 2 
or 



JftM 

Lbjd 

^- = y -x,y(p) = 2 (1) 
flfv 

— =/(^ ) ^) > > ; (^o) = >'o (2) 
ax 

=7o + J/(*.J\w( J )>fr (3) 

ol Jl^»(2) « ( 1 ) ojLLw 
/(*, )>) = >> =0,y =2 (4) 

<jl JLjO (3) frA J 

^=^+r^„-/-^ (5) 

^lc J.nVi (4) ^tjLitl^jj (5) <ya n=l ^«->:,UVl cuyZJI 

jr x I 

^i=2+ J[y -j]<fc = 2+ J[2-s]<fc = 2 + 2jt--jc 2 (6) 
o o 2 

ijle. JkiWi (6) jkljLseltuLij (5) (_yjs fl = 2 l-jj >^zJl 

x x j j j 

y 2 -2+ \[y l -s]ds = 2 + f[2 + 2.s — s 2 -j]ds = 2 + 2* — x 2 — jc 3 (7) 
o o 2 2 6 

L JU: , 1,<*>o (7) f \ \ Vi.«U (5) ,Ja n=3 : >^J£H <^u^t 



f 



y 3 =2+ j[y 2 -s]ds = 2+ j[2 + 2s+-s 2 -- V -s]ds 
o 2 6 

X 2 X 3 X 4 Y r 2 v 3 v 4 

= 2 + 2*+4r+^r-— = ! + +—+—-— (8) 

2 6 24 1! 2! 3! 4! w 



vi-p. (1) UjLuOI r LUI J*J| Jj.^U 

■* 

(9) 

>a l«K oj^i J^Wj e"±* <>l^iJI J-U- o^ii <^ <JjL« 

.ye'* = jce~* +e~ x +c 

y=x+l+ce x (10) 
^1 J^Ioj^^juj c = l oi^(10) f 1jL^Lj x = 0,.y = 2 o^^-j 

y=x+l+e x (11) 



* J 

<? =7 +x + — + — + , 
2\ 3\ 



(12) 

2 3 

^ = 1 + jc + 1 + — + _ 

1! 2! 3! 
y = l + x + e x 



JqUI e^UJI 



dx 



dz_ 
dx 



= g(x>y>z)> 



(1) 



x 

X 



(2) 
(3) 



^ = z,^ = * 3 (;j/ + z),>> =l,z =l/2,x =0 
ax ax 



^ = z,^ = * 3 (y + z),y =l,z =l/2,x ^0 
ax ax 



t JftTJ 

LbjJ 

(1) 



ax 



az 
dx 



(2) 



*0 
X 



0) 

(4) 



*0 



f(x, y, z) = z, g( x, >>, z) = x 3 (y + z\ y = 1, z = 1 / 2, x * (5) 



ol j^(4)<>»j 

1 x 

z n=-+\s\y«-i+z H - x )ds (7) 



Lyk. JmVi (5) ^i.iVumLj (6) (jr B n=l 

* = 1 + )z Q ds = 1 + U <ft = 1 + ^ jc (8) 

(jJLl Jx<ai»u (5) ^tjLstl^Jj (7) JA II— 1j-lS>jj 



*i = 7 + P (7o + *o }ds = | + J* 3 (1 + \)ds = 1 4 



1 3* 4 



2 J * 2' 2 8 



(9) 



J^ua^j (9) ^ijjti^jj (6) js> n=2 ^ jj :cr iiiji ^^j^sui 

(10) 



J J 2 8 2 40 



uM- (9) 1 (8) f\ jj^uj^ CI) j& n=2 ^ # llUjl^j 



TO 




j * J x 11^ 

* 2 =r+ p 3 U +*,)<fc = -+ Jj 3 (1+4* +i+|j 4 )& 

^ o 2 2 2 8 

1 3 4 1 5 3 , 

2 8 10 64 l 11 ' 

^JL. Ju**o ( 1 1) fijueiuijj (6) ^ 11^3 :iiJl$Jl c-.jjJUI 

o J o 2 8 10 64 2 40 60 192 

t^J^(ll)< (10) r lji e l tu l i (7) < yin=3 ^jjoUo^j 

^ w 1 *f 3ri s 3s 5 1 3/ s s 3s' 
z 3 =-+ \s\y 1 +z 1 )ds = - + s 3 [l+- + + - + +— + ]<& 

2 o 2 J 2 40 2 8 10 64 1 

1 3 4 1 t 3 g 7 q Iit 

-- + -X + — X + X + X + X 

2 8 10 64 360 256 

( 1 )JLU 

<a3l JLL>VI *SijUUt J^J viJIMI V-U^l Jl3-jl 

^ 3/ 4\ i ^ 1 



*/ 2 y 3/ <t\ , l 

ax tic dx 2 

-f- = z,— = x\y + z) > y = l,z = -,x = 
dx dx 2 



LLjlJ 
(1) 



d 2 y = dz 
dx 2 dx 



dy 



(2) 



.&LuA\ (o) ^sj JU\ J\ 4JLJLI JjJjj 



^+M = 0,;K0) = 1 (1) 
ax 

.3>LL»yi ^ (1) u^ji <jl** oi* JULy y(0) = 1 

f = *,K0) = l (2) 

JLULj c = l ^ >> = 1 oj£=£x = Q UjlJ^^I ><0) = 1 ^IjujVI JajJJI 

1 -> 

y = -x +\ ^aoSIjGjVI UL^ 9L >. t j > ^ 3 j 

<Lu1 JLuVl < 4 jiill <jLui4 l^xi-lj 

i-Cyzfi^., (3) 

ax x 

y = l+xc jAl^k j^j^jJI 

4_5>UJL ol U*a Jj_JL>JI ^ c5U^V jjl-c L^J *LMI i^lal^l < ^Sll <J L 

i^jLui-l CxjIj c y~l = xc 

~r = f(x >y ) iy {x Q ) = y, (4) 



1 



(4) ^ij^yi UaUl uUjl c^xhUI cm (existence) J*i! - t 
<-^iJ! yLtJL oj-^i JojlmSJ! c^i : (uniqiienessJJ^Jl L^j^j - M 
t^c ;^kL Lj^i ^^^i^ui i^ikui (jr4 _ u4 : 

t Lipschitz condition >u*J 3a >5- o 

li] *y ^jludl Z) UUH! J* jiij js^ /(*, j,) yui ^ ju, 

ul K > c^ti 
./(*,>>) <JUll_pAJ 

|/(*,;v)|<A/,(x,.y) 6 Z) ( 
l/^^,)-/^^)^^^-^! (2) 



j 9 HI ^ijji ;= 



\x-x \Za,\y-y \zb (3) 
»UUt ^JjUloi-i-A//i<6,/r = min(fl,6/A/) c ^ D u *^ \ 

ax 

si-jj>u X p^J t .JLuXI cjjLalij jjL^ajj 4-3j>L» f IjLsfcLwJj 4£^k2Ji tJJk cifc^u, 
V-i>iUt ^W," ^ 2 W,y,W JljjUi <L^l^ UiJi.|*-Jfc|£A 

cpVl^ J bill 



y + b 



y -b 



i 


b 








1 


b 

r 









a 



x - a x - h 



Xo x + h x + a 



X 



j 9 HI ^iL|J| 



y t (x) = y Q + lf(s,y Q )ds 



x 



ri.-iW = ^o+ jf(s,y n _ 2 )ds 

X 



(4) 



0% y»~b<y <y +b 



jf(s,y )ds 



* J|/(*,*)||«fe 



\y,-y Q \<M\x-x Q \<Mh<b 

n=l UjLk. ojJjxiJI ljuk < (3) . (1) ^ijiticuL. 

^ (4) «>• Jx^j 



JgHI c>ilill -= 



|y,->o| = 



Jt 



< J|/*(^>' )t _ 1 )||^|<M|x -^ |<A/A <6 



n-l 



(5) 



1 m.M vi J *J U ^ U U—S n=l La I \r (5) f> <r> I mM 0? J)' "' 

oi^T * n Vju n-l iitoflt^ (5) AJbl^toTLK^-l^i — y 1 ^ Af |jc — jc | 



I i ^ MK*~ 2 



n-l 



(6) 



^-^-11 = 



i{f(s,y^)-f(s,y H _ 2 )}ds 



(7) 



Ol JL*J (2) jnlnt ALt Vlli.Ll 4 

J^ex>U (8) t (7) (>oj 



s=. JgHI ^p|||| 



(6) ^taieluiL 

•o^b^l ^ lai^L. (5) «iiutHI 03^x3 dlisjj 



+0* -y )+(>'2 ->v.)+- 



<>> +M/I+J-A//S:/! 2 +...+1^-^- +,.. 
2! «! 

U>^dJ* 0^*0^ Jl^j^CP)^ jjjLxJI^J vi-p.j.[> A] S^LiJI^ 

Jim = >,(*) (10) 

n 

<:=i 



TY 



dy 

y<x) q\ = f(x>y) <uLiL£iJI JLbLJU JP^oy = y(x) <ji ^> 

ax 

/(*.;<*)) Jlr^W J133 f(x,y H ) uTu^^i 

(4) <>a LjjJ 03^3 

X 



lim y„ (x) = y + lim f/(s, y„_ { (s))ds 
= ^0 + f lim /(*» y-i (*))<& 

J n-+» 



x 



ay 
ax 



j 9 HI E-lliJI 



In*)-^)!^,!*-*,,!^ (12) 



|r(*)- >>(*)]- 



\msJ{s))-f{ Si y{s))]ds 



\Y(x)-y(x)\ < l\As,Y(s))-f(s,y(s))\\ds\ 



\Y(x)-y(x)\<Kj\Y(s)-y( S )\\ds\ 



(13) 



(12) ^lai^L^i 
\Y(x)-y(x)\<KB\x-x \ (14) 

^ J^o(14) i (13)^ 



|7W-^)|<^5j|,-x |^<^pL (15) 

j-u*^ (13) ^ a-i^ai <ib ^ (15) <>• t^A 1 s >* o^l^l. cdij^j 



— djqaaqllq^cjQiqlldijkai J^iii ■»■■■! ■ 



XKKf 



limj5 Wl = 



n! 



CxjUJI J^aeaj j- A .1 Jo o\a ( Ja*X\ i }U*}}\ Lr &(x,y) ^ J^=J 

JL*j(ii)«<i),>aj 



JqHI Bspl|ll 



^ U\J \y-y c \zk t \x-x \zh J^ks uJLI 1 •} 5 «jl 131 

df 



mutt 



*)-/(*, *)l- 



4f 



K cJth ^lAJ Ja^i /(x, oTc^ljukj 



\f^y 2 )-f{ X> y x )\ = |xy 2 2 -xyf\ = |x||^ 2 - J,,] 



(1) 



=~ 6jq.aa.9llq .OqjQ.qJIdJjkai __===^=-^ JqHI ^llfll 



.2Cijl*j j" Ait Jaj-A (jn *■.**) (jrt-jJ I Jufcj 

|/(^^ 2 )-/(^0)| = |x||y 2 |->oo 

^JLl ^ nor" a ^j-C. j"i Ail tLj_A <jl (jr^J I JU*j|* | * fl |^ 2 | 00 L * jL -^ 

.|^|<oo,|x|<l Oo^AJI 

(T)jO. 

/(*>J') = * 2 +>' 2 iJUtoT^ |x|£0,|;y|<& JJkuJL! 5 &! 

J" Ajt ojIj J^*jt (*j 3* t, " t . ' ^ ^ J"^ 1 

|/(*,>g-/(*,*)H(* 2 +* 2 )-(* 2 +* 2 )|=h 2 ->f |=h -*l 

|/(^^ 2 )-/(^>' 1 )N26|r 2 -^| 

.K — lb C*jUu j" Ait JajJii Jn-K* L^jl tj^JJ t jufcj 

i^jL^j oU-^ L^aL^z, ^ f(x,y) aJUl JLuajj «jt c^l 

dy 

^^LJ^^J^^Vu^utu^f K* ) = ^>^ ==/(*> .V) 

.4iirt"i4 iJlj f(x f y) <ji 
JaJI 



1 



JqHI^plfll 



% -^/Wo<o)-o 



y = o,y = < 



/4 *>o 

-x 2 /4 x<0 

j *i m i J Jo jJi, (jl Cujj t-fl 



y 2 <y,=0 ^Ml^.>; = OJ^I^^uU l ;l^ji a : 



y*-y\ y 2 Jyl 

-^oV ^uVl ^>LJI ^ jl^ill | vL** (2) ^ jUi, Lil^ ^ 

5:H<1,H<1 0) 



TA 



J9UI ^lltll 1= 



dy 



1/3 



00 



(2) 



j^J^oTc^(2)*ijUluP» S y = >> -> Ujtic. 

(0)jLU 

^1 \x\ < a S^Js^^t ji^jt ^ = e>,;y(0) = L^IjO^I o^I ULJl 

|>>-y |<;A/a oi^^tAjl/^,^)!^ 
( y - Luuijy A (>* Vjl» a ^| ) 

£?>£M,|y-0|<A/fl ^? 



-*1 



3'e0' l ,y a ) 



e Ma <>M 
a<lnM/M 



j 



i-j^oS- 5 * JL^Lii.M = e = 2.718 UjlJ^ u „Ur JL^a Ly3(inM)/M UIjJI 
JLULj a = 1/c = 0.308 LoJ^|*| < a u Ur, i-uljirtl i_^2JI ULJ sjjj^oJI 

. |*| < 0.308 ^ s pij^I 0^=3 

dv 

|y-^ e |<Ma |/ (jc ,^ ) | < Af 
\y-\\<>Ma oliviUi^j « ((5)jLL. jJail ) 

|> | <Af 

ijy*S\ ai.L 5JUJI *ju* ^ <l>^ LJojI j2a»ijj-.,Vit Jop, op» • M > ljLli.L 
|/ P (^»>' 2 )-/(^>JV,)| = b2->'iMAf |y 2 -^,|, 

|y-l|<Afa=>|y|-l^ Afa 

l + Ma<M=>a<(M-l)/M = l-— <1 

M 

. 1 < M < oo U ait 

|x-jc |</z ljHl\^jt 3 h = min(a,b/M) cr^> ^ a^L.JI <UtoVl ^ :ib>*l« 



JqUI r^iltJI 



UIjGjVI <^i\ iJUJL ^liJI 

^ = ^ 2 +/,^(0) = 
due 

: Jail 

a,\y\*b 

\f(x,y)\ = |* 2 + y 2 \ < |**| +|/| < a 2 +b 2 =M 

h = xnm(a,bl M) = mm(a t bl a 2 +b 2 ) 
cricj A = min(l,-j) = i jU6 = U = l ^l^, liU M ^ Juiu/i o^I 

.|*| < 1/2 spill ^ J* sLkU! <a5!jGj)/l JU^iJI iJLJL idJj 

JC 

*.(*)=y + j/(*.j^iCO)fr, y (o) = o (i) 

<jM J*-a*u (1) <> n=l ^ 
^=0 + Jf'<fr»x 3 /3o'(0)«0 



^ J.^, (1) j± n=2 



:(T)JLU 

JLjSijOjVI UoSJI <JLa ^liJI vd>^3> J^jl 
^=jc 2 +>; 2 ,>;(0) = 1 



*:{(*,;y):|*|<l,|;y-l|<l} J£CuA\ (j y 



JsiN 



t fl = 1,6 = 2 ^ <_r^- il'^'j JJJL>JI ijfr / = JC 2 +j; 2 ^1 J**>>Li 



<5 



§L 

dy 



|/(^y)| = |^+y 
= 2jc = 4 (jl^J^jL^^M 



M = 5,A = min(l,-) = 2/5 
5 

|*| < 2/5 5>iJI JL. >U ibl**lJ <jt^ 

X 

t^ic. Jjua- -* 6 (2) (jA II— 1 ^jus jj 
* 3 

y l (jc) = l+f(j 2 +I>fr = l + *+— 



1Y 



JqUI fylill 



X 



1 + 5 + — 

3y 



tfc = 1 + X + Jt +-JT +-JC 4 4 



2 3 1 4 , 1 5 1 7 



3 6 25 63 
Gronwair s inequality Jj*ii>? ^IjUXi - v 

f(x)<>K + Jg( S )/(j)^jc>jc 



/(*)<tfexp(Jg(5)<fc) 



a 1 



/(*)*« 



K+jg(s)f( 5 )ds 



In 



J 



x 

jg($)<k 



In 



Jg(5)/(s)<fc 



r x 



Ax)ZKexpjg(s)ds 



6 U o^l ^U^^, /(*) ^ /(*) < K exp J lil 

fix) = 

f(x)<e + Kjf(s)ds 
/to<*exp[*(*-* )],x>* 

oJLl J*-x»o £ -> LaJUC AjL^UI jl^Uj 

/M«o 



a 



y(x) = y<>+ jf(s y y(s))ds (2) 
Ja^SJj 6 Lii*j ^,^0^-* t (Y) 4 ttl^ll UjUI ji] ( t ) st t ..^it L^, |j| 

JC 

+ JVC*, 

X 

yi=yo + \f(s t y 2 {s))ds 

<jf ju>o edJj 

* -yi = J[/(*.j'.W)-/(*,y a W)]& 

X 

\yi-y 2 \= .Jl/(*,yi W)-/(*,% W)|H 

(^ifi. JirtVt j'nijt Jo_^Jw ^tuiklLuiLtj 

\y l -y 2 \<Kj\y i (s)-y 2 (s)\\ds\ 



|^-^ 2 | <0.exp(A;|x-* |)<0 



= 10 



j oildXiX* bjtiij* ^1 JUL* > *UZfi j - A 

^JjO^I ^ >£J1 <>i UUS 
4-JjUI 1 (1) 4_a5ljGjVI i 4^!l iJU-JL z(jc), j;(jc) La jL^= IjLJs 

• OP* cr^^K) = W(*o) = ^0 o^^i3 1 (2) 

X 

y{x)=y*+[f(s>y(s))ds 



*9 
X 



z(x) = z + lf(s,z(s))ds 
*> 

^ -2j+ J/-(i,Xi)-/(J,2(^N <|>i,-^|+/jX*)-^)(W 

\y (*) - z(x)\ < | y Q - z Q | exp(tf \x - x 1) 

.^t Jltfl Ja >AJI J^. ,U"tJ ^51 JGjVI UiSJI yLuui Ja. <jt ^ LiA ^ 

Jti* 

osi j^vi UiiJi at— ^! 

/ + SC^) = 0,^(0) = y ot y\0) = z 
4jU^V,tl <Jj>U1 ^l^xi (0,y ) £> L. Ukla t> 4JL^L. <Jbg 



uttfl o5loltfl Uj2S\ iim >U^a <f>{t) 

0(0 = - H fefo 0M)<& [ rfw + a + 6/ (1 ) 

o Lo J 

a = y ,& = z op» 0'(O) - z o ,0(O) = ^ o» 



u 



S = 



▲ 








u=t 


s = 










s = u 


► 



u = o 



LO 



i 

J j Jsfort*))* = Jj f gM(*))<fr = J(f T*)*(f,tf'))<fr (2) 

o 

(jic JjuajKJ ( \ ) ^yS (Y) (jJaJ^duJLj 



1 



JqUI c^iUJI 



= - J(' - s)g(s, #(s))ds + y + z t 



<jl JL>J) (JjisLfllll 

/ 


v'(0— *(*.K0) 

tjc UK j jdljXjJiiai 4^1*^1 <uLu»UJI ibUt ^ / = ^o- / = -g(f,.y) 



J-ku-ll J^~ = x 2 + y\y(0) = ojuJI u^ill iJLJl dJliJI ^o^JI j^jl- ^ 

-viH^U Jjl^y U iV.,,,. i? = {(x,y) : |*| < 1,|>>| < 1} 
jGjV! U^iil <JLaI a^L^lXI a^u i^-n ijjLUi j^j- y 

/+M 2 y = g{*> y), y(0) = y , /(0) = z , > (c*,ii) 

(0^ = 2x^(0) = 1, (k)^ = 3e* +2^,^(0) = 

ax ax 

(in) ~ = l + xy, y(0) = 2, (i v) ^- = 2x-y\ y(0) = 

ax 

(v) £ = x + z,-~ = ^- ^,3,(0) = 2,2(0) = 1 

(vi) ^- = 2x + z,^- = 3xy- x 2 z, y(0) = 2, z(0) = 

•j*y^M+H=o,KO)=i (o 
•j^\o*<jw^ v y-(^-o/jc ,mo)=i ( c ) 

.jji^ uUju ^ ji*^^ >ij Oa^i ^1 /(*,>>) = y 2n cJl^» IjJ - 
o-xJ y(0) « X^AII ^ = /(x,.y) <JjUI J* oT>J-»VI UcJu 

/fojv^xsiny + jycosx i-JUI^l*^] S : |x| £ a\y\ < b <jL£a I3| - 1 



f(x)<h(x)+)g( 5 )f(s)ds t x>x 
/(*) < h(x) + J^(5)A(5)(exp Jg(«)</w)<fc 



Linear Systems with Constant Coefficients 



Linear Systems with Constant Coefficients 



i x^i^ <_u\3 ^[^ii^ y y ,y 2i ...,y n ^ >L£=j Jzl^, ^ui^ x tfo*-: x 



dy. 

-^-=f i (x t y lt y 2> ... > y n ) ;/ =1,2 n. 

) ; i( Jc o) = >',o ,/ =l,2 f ...,ii JuSlj^M 



= or 



=: uiitLlf eihll :== 



r l — li-UI J — a. oj — ^>i>^ — - n r l — liUI u is Cil^r, ti jj c ^ ^ 

.o,Lui|cotj5 CpCj,...,^ =^(^c„c 2> ...,cj,/ = l,2,...,« 

OjJlJU 

(1) 



— = y +z +x 
dx 

= -4y -3z +2xi 



(2) 



.jsi^ jc ><o) = i,z(0) = o jjSijojyi ^j^i ^ 



rf 2 >» dz 



f— +1. 



tie 2 <fr etc 



(3) 



(3) yjUUJ o^Vi 4. (2)«(.l) o^lDL 



-fr = y + z+x-4y-3z + 2x + l 
ax 



dx 2 



= -3y-2z+3x + l. 



(4) 



dx 2 



.dy 



= -3y-2[-^-y-x]+3x + \ 



dx 



d 2 y „dy 



(£> 2 +2£>+l)y = 5x+l; 



0^ 

JLVJJ jilt! mil <i^UXl JaJj 



OX 



(D 2 +2D+l)y = Q <^ib*ai U>Ull,U»:V«f 
tPJIj A 2 - 2A + 1 = ; juiLai <bU! u>==3 j Vl* y = e Ax 

A = —1,-1 Lajjjl*. 

y„=(c x +c 2 x)e- x 

^ = (^f (5jC + 1) ' 

= (l-2D + 3Z) 2 -...)(5x + l) = 5^-10 + 1 = 5^-9 
y = (cj+c a *)c-'- + 5*-9 rfj 

z = -(c, + c 2 x)e~ x + c 2 e' x + 5 - (c, + c 2 x)e x - 5x + 9 - x 

z = (-2c, + c 2 - 2c 2 x)<T* - 6* + 14 

>>(0) = l,z(0) = iaSljGjJM ^jlhUI 
c 2 =20-14 = 6 tf?0 = (-2c,+c 2 ) + 14. c, =10^1 l^c, -9 

z = (-14 - \2x)e~ x -6x + \4<y = (10 + 6*)e _ * + fx -9 

(Y)J|JU 

r Uailj r UI J»J| JL»jl 



= 00 



tfUlZII E^1|J| 



JaJt 

iA J~~i t J] L^L (1) j^Ul, 

dji = dy_ dz 
dt 2 ~ dt* dt 

_ = x+z + JC + % _ = 2x + (y + z) 

(D 2 -D~2)x = 

A 2 -A-2 = 0=>(A-2)(A + 1) = =>A = 2 ) -1 

x =c,e 2 ' +c 2 e~' (4) 

^ (I) ,j4 o^JyuSL 

2c ie 2 ' -c 2 e" =y + z 

z =2c,e 2 ' -c 2 e" -y ( 5 ) 
^~ = c x e 2 '+ C7 e-'+2c x e 2 '-c 2 e-'-y. 



01 



aaiaiayajQl^djLaallaokjty -== yiiixii ^ilill 



= 3c,— + c 3 e J _y=J3c 1 e J e af + c 3 

= c,e 2 ' +c 3 e~'... ("61 

Ji*j (2) ^ (4) « (6) c>* u^i^L, 
2c,e 2 ' -c 3 e~' = c t e 2 ' +c 2 e~' +z. 



_ _ _ Jit „ -I „ -I 

z — c x e — c 3 e — c 2 e 



i! 



c,e 2 ' - c A e~' 



d 2 x d 2 y 

— T -3x~4y = 0,~~- + x + y = ^UiUtJ^ 
dr dr r 

dt 

(D z -3)x-4y = (1) * + (£> 2 + 1)>> = (2) 
^^k. J.^>-kj (2)t(l) y *_ajL>o 

[(D 2 +l)(£ 2 -3) + 4]jt = 

(Z) 2 -l) 2 jc = (3) 
jji (3) 2J >UU J>. ^j^j iiUi ^jjiij 
* = (c, + c 2 t)e' + (c 3 + c 4 /)e"' (4) 



0Y 



cr^ (4) J^j.o>Lu^j c^ljS c.,/ = 1,2,3,4 ^ 
Dx =c 2 e' +(c, +c 2 />' +c 4 e"' -(c 3 +c 4 f>T' 
^i^+^+cjy +(c A -c 3 -cj)e-' 

Z> 2 * = c 2 e' + (c, + c 2 + c 2 0e' - c A e" - (c 4 - c 3 - cfye* 

£> 2 * = (c, + 2c 2 + c 2 0e' - (2c 4 - c 3 - c 4 /)e w (5) 

4y = D*-3x = (6) 

of ^ (6) t (5) r i jiitiu.^ 

y 88 1 {fe - c. - c 2 f )<?' - (c 4 + c 3 + } (7) 

.(7) ( (0^ r U^I J^o^s^ 

dx ^dy ^ 

- +2 JL_ 2x+2y = 3e < (1) 

3^ + ^ + 2x+2.y = 4e 2 ' (2) 

6~ + 2^ + 4* + 2.y = 8e 2 ' (3) 
dt dt 



^,3^(3)^(1)^ 



5— + 6x = 8e 2 '-3e' 
dt 



+ -x = -e" — e' (4) 



xe 



dx 6 8 2i 3 , 
dt 5 5 ;> 

(4) i-bU!l J*. oj£au 

f s) s f5 5 

J 8 5 (f ) 3 5 (?) 
5 16 5 11 1 

;. x = L e »-L e < + -(6/5V (5) 

2 11 1 

(_yic (Jjua^o 3 (1) <JjLaJll (_y3_jJLa ■ ■j -^ 'j 

3^ + 6 *_ 6 ^+6>; = 9e' (6) 

Cr^ (6) U» (2) £>Ljj 

5^-8jt + 5j> = 9e'-4£f' 

5^ + 5.y = 8;t + 9e'-4<? 2 ' 
dt 7 

5 *y +5y= ll e ' + % ce -i*<»> 

dt * 11 1 

'd5f 11 5 



^ (7) <bUI J* 

1 22 

.(8) i (5) fUiill > 03^=M3 

dx dy . 

— +-^--2y = 2cost-7smt 
dt dt 

dx dy _ 

— --+2jc-4cosf-3sin* 

>A J»J| a>^Jj cJUail (4<tp* 

x = c,e^ + c 2 «f ^ + 3 cos t , y = ( & + l)c,e^ + (1 - V2 )c 2 e~ ^ + 2 sin r. 



=_ dLllllQ^^lGlQ^dltaQjIaoka/y 



yutjJI ^lljll 



IF 
dx. 



2 _ 



dt 



a x , x x + a x2 x 2 + ... + a Xj Xj + ... + 
a 2l x x +0^X2 +...+a 2j Xj +...+a, m x, 



dx, 
~dt 



= a n x { + a i2 x 2 + ... + a :: x : + ... + a^x. 



9 j 



dx. 



« 



dt 



+a.->*-> + .:+a mS x.+...+a IM x ll 



0) 



.1,7 = l,2,...,n 





( 


dt 




dx 2 




~dt 




« 

dx. 




\dt ) 





a 2\ <*22 



a. 



S»2 



fl -A X J 



■ 



tfillXII qplfll 



.o>UUI 



dt 



(dxC\ 
dt 
dx 2 
dt 



dx K 
\.dt 



\ X nJ 



.4*iqj,fl jbju*u 

(^C - mCK = 0^1 One"" = ACe m 

(^-wi/)C=0 m 

jji>ai c * o jbio .JLuUi y^ui 

|^-m/| = ^ 
L7 lc LfLa J-ui*jj ( characteristic-equation ) Sj-t-UJ UjLlU (2)<JjUJU 

^LtaJJI J>. j^lc eigen value (JLuljJI ^D/w ^ 

( eigenvector ) <^ljJ1 4*HL C <u£= j-o blj^l l^-ojl L^ujt 

4iil*4j Axii^ ^LulUl (UAJi- i 

0)Jli* 



=Z diililloHol^loMdd^ldok.if 



UiilZII e^1|1I .= 



dx. 



dt 



^ = -2x.+3x 2 
dt 1 2 



(0 O 



1-2 3j 









o > 




-ro 1 


U 






K 




-2 3-m 



= (1) 



/. -3m + m 2 +2 = 0=^(/w-l)(m-2) = 0=>m 1 =l,m 2 -2 
jl^jj «Lub J^=xJ <G1 ^o-j .UJtiflMj ^Li* 1 «2 ojIjJI ^1 J^Mi 

J^o (1) ibUI ^ o-jai : m, = t (0 



-2 2 J 



= 



X,=b, 



-c, +c 2 = => c, = c 2 

c 2 =1 <j£ =1 lij^ici lib 

(A 

dlkUi ^fi. SjLcjJiUi ^IjJl 0^=4! 

w 

(1) ibUI ^ » m 2 = 2 (ii) 



IT 



UftiLUI ^iLJI 



f-2 1 
-2 1 



J 



\ c ij 



= 0=>-2c. + = 0=>c,=2c 1 



C = 



(\ 



\ 



c 2 =2 oP»c,=l Lip*) lib 



• • X^ — ^ 



1 



(/) + c 2 Z 2 (/) + ... + c k X k (0 = 0,a < / < b 

^L^UI <^_LiJt fUkiD Ulo j^, ^,(0,^(0,..., Jr M (0 im 
c^ijMi r L_i^ji ^(o+c^co+.-.+c^jo jr = ,ir 

- ima^ 

a < f < 6 , A" = AX r LLsU LLi. asiUI J5I3JI (0, X 2 (/),..., X n (t)} 

(Wronskian) ol j^. n , ' ) Jt> JL, 1^,(0^ (r)...^^)! Jk i_*a! 



-ic Lfki. asi— {Jr,(0,^a(0»»..^.(0} oU*ni i^**- 
^{^i(a^2(0,»-^.ft)}«|Jr I (g..jr.(/ )|i ft o. 

n ^LuUI ^ r LlS^J LJai U2L_ Jj_U ^ 1 (/),^ 2 (/),...,^ ( ,(0 c^b I jj 
r Uiill J^t Jf,(0 c^L^ \j[ 3 a<t<b ij^Jill^JB X' = AX ^UaJLI 
^Uaill 4! jJ ^1 oU « spill. >UI ^' = ^ + 5(0 ^L^ill 

^(0 = c 1 ^ 1 (0+...+c B ^(0+^(0 

*>,=6 2 =1 



*(0 = c, 



t 








e' +c 2 








A 



.2f 



(T)JlJU 



= no 



alii! uioUoJI Ql^o dMJI dobj'ill 1= 



dx, 

=2- = 4x,- 



dt 



dx~ 

—r = -4x. + 4x 7 
dt 1 2 



(dx l ') 

dt 

dx 2 
{dt ) 



(4 -IYjO 



V 



_4 4 



X' = AX J 



A = 



f 4 -1 
,-4 4 



\ 



4-W -1 

-4 4-m 

2 



= 0=M6-8m + /w 2 -4 = 



.'. /w -8m + 12 = 0=>(wi-2)(/M-6)=0 

m, = 2, m 2 = 6 ^ JUsI jJI futoJI Qj^"' j 

<-uljJI "a!A*X\ J* ^j^y^L : m, = 2 O 

f 2 -IV 



-4 2 



= => 2c, -c 2 = => c 2 = 2c, 



.2/ 



c 2 =2 o>S=^ c, =1 jliij 



oj!JJI <JjL«JII ^ (j^jjjOJIj m 2 — 6 (Y 



f-2 -lYc, 



v" 4 - 2 ;v c 2. 



= =3- -2c, - c 2 = => c 2 = -2c, 



,>Jt u^=yj» < c 2 =-2 <jp» = 1 jliio 



* 2 = 



»6l 



V 



-2 



W{X lt X 2 } = 



e 21 e* 
2e 2 ' 6e" 



= -4e" * 



*(0 = c, 





e 2 '+c 2 




e 6 ' 


A 




-2, 





A = 



i -l -n 



1 3 
3 1 



J 



ijjJtW aJjLxII (jj^-tt {-4^3 



■ 



tfiilZII mlill 



dlilill Q)oU>]| u\qo ouUdJI dokbif 



l-m -1 -1 
l-m 3 
3 l-m 

2 



= 



•'• -9] = 0=>(1- m)(m 2 - 2m - 8) = 

.•.(m~l)(m-4)(m + 2) = 
m, =\,m 2 =4,^3 =-2. 

^Jc (A -ml ) c =0 JLuiJJl ibLUI <ys ^^j^JL :m,=l 



'0 -1 -lW 



3 
3 



= 0=>c 2 +c 3 =0,c 3 =0,c 2 =0 



t^c Jua»u oj! jJI ibUI oij>*JL : m 2 =4 (Y 



'-3 -1 -lVc^ 



0-3 3 
10 3 -3J 
•'• c y =c 2 => 3c, = -2c 2 



= .-. 3c, +c 2 +c 3 = 0,-c 2 + c 3 = 



>» J*Jl0>^ c x = -2 <= c 3 = 3 <= c 2 =3 



3 



.4/ 



UiilJLlI mMll := 



o3ljJI <bU1 J& o-u^b : mj =-2 (T 



(3 -1 -fi 



3 3 
3 3 
\c,=0 



= .\3c, ~c 2 -c 3 = 0,c 2 +c 3 -0 



C 3 =-l<=C 2 =1 jiiio 



X 3 = 



1 



-2/ 



pr{^(0),^ 2 (0),^ 3 (0)} = 



I -2 
3 1 =-6*0 
3-1 









<_ 2 > 











e' +c 2 


3 


e 4 '+c 3 


1 








,3, 







,-2/ 



tfiiUJI mlill 



,u*ai o>L^aj ^r' = r ui j^ji j^j 



3)A = 
5)A = 



,16 -8, 

f 4 3> 
,-4 -4; 

2 3 

1 -2 

'1 2 -0 
0-13 

,0 2 



2)A = 
4)A = 



' 1 & 

,-2 2 j 

3 3^ 

-1 -1 



J 



6)A = 



(12 -15 



14 -4 J 

ri 2 -f 

7)^= 0-13 8)^= 2 1 1 

-1 1 0, 

• JUI JliUiJ , ^JL| ^ ^ 



V 


r 


'2 -5^1 








,2 -4 J 


JO 



= 



2-m -5 
2 -4-m 

:. m 2 +2m + 2 = 

-2±V4^8 
/. nt — 



= l±i 



m,=l + / 



-5 

< 2 -3-z 



= .\(3-i)c,=5c 2 



_ 3-i 
..c 2 - 5 c, 

^JaJlj^y c 2 =3-/ <jp* c, =5 jLu^L. 

f z \ 



5 



,<-t+0f 



J 



m 7 =l-i (Y 



f3 + i -5 Vc> 



I 2 -3+/ 



X 2 = 



LuljJI <bU1 ^ oi^oJL 
= 0=>(3 + z>, =5c 2 
3+/ 

5* J^JIo^ii c 2 =3 + 1 c, =5 jLui.L 
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v = c,cosjt+c 2 sin;c J[ ^ 

v p = c, (*) cos x + c 2 (jc) sin * 
v, = cos*,v 2 =siruc .* 
cosx sin* 



^(v„v 2 ) = 



-sin* cos* 



= 1 



•*• c \ (*) = [--*• fix = f- sin x. sec *<£c - In cos x 

<iW s f~ /<& = fcosjrsec;«& = *. 
•\ v p = (In cos jc) cos jc + x sin x, 

^u-LuUI <1>LlUJ r UJI >J! op* tiUi c^J 
v = (c, + In cos *) cos x + (c 2 + jc) sin x 



> . j 



Ojlsloll uiolaioJI O\o CUillll OUJjII U^Uzq 



eilLiJI ^ilfll := 



^^[(c, + lncosjc)cosjc+(c 2 +*)sinjt]. 
4x 2 y' + 4xy' + (x 2 -1)^ = ;*>0 



/+!/+(!_ _L )ym0 

x 4 4* 



1 f f 1 

/?(*) = — => I /?(jc)dtc = \-~dx = \nx 



u = e 21 -e 2 =—?= jbio 

y=- r v-— r v,y = -=v" r v' =v' + — — t=v 

V* Ixyjx yjx 2x>Jx 2xy/x 4xWx 

- 1 v" 1 ' 3 



biILlII ^iLUI ===== oj^Iu^Mol jdiiliildujll u^U£ = 



1 . 1 , , 3 1,1 1 1 

V* xy/x 4x 2 Jx xy/x 2x 2 Jx 4V* 4x 

4x W* 



. 1 _ 

v +-v = io^UsJI ; ^ <b 



1 . 1 

v = c. cos — x+c~ sin — x. 
1 2 2 2 



1 r 1 

= -7=- c. cos- 
Til 2 



jc+c, sin— * 
2 2 



1 



i^JI ^ JJjUI JjJli^ iJL^L , jo^UtlSc^l^, I jj ^ ii^ 

(Z) 2 + p(x)£>+^))>. = r(x) (1) 

U£> ^iiiliUI jijXI Jal>j 6 ^ au9 | 3 
[D 2 + p{x)D + q(x)] y = (D + Pl (x))(D + p 2 (x))y 

(D + AWX^ + AW)y = r{*) 



■- 



- 



bUIXII 



(D+p 2 (x))y = z 



(2) 



f p x {x)z = r(x) 



Sjj^l ^ (2) £x;uu Z = z(*) <>L (2) ^o^jjjiIJL 

flfv 

.>> r UJI ,>JI ^ J^, y J 3 M\ <j>J1 ^ <uk>. <JjU* L^I^j 

(t)JLli 

ibLju fLdi j>ji jlvj! joU: 

(*+2)>>*-(2x + 5)y' + 2.y = 2 (x +2) 2 e 2jt ,;c *2 

[(* + 2)£> 2 - (2* + 5)£> + 2].y = 2(* + 2) V' (1) 

((* + 2)D - l)(D - 2)y = 2(x + 2) 2 e 2x (2) 
(£>-2)y = z (3) o^S^ 

(jjc J«^< » (2) ^ (3) (ja ^iaJjjQJL 



^eULXJI ===== oj^ toy^lubdMlilldujIlu ^LaQ^ 

/. ((* + 2)D - \)z = 2{x + If e 2x 

(x + 2)~ -z = 2(x + 2) 2 e 2x 
dx 

^-_L-z=2(*+2)* 2 * (4) 

dx x +2 

J^L^=lJI J*L: oy&ajy J jVl i^JI <>• Juki. oJLiUi *JjU* (4)<bLdl 

-f— * 1 



;c+2 

f-^2(x + 2)<? 2jc <& = e 2 \ 
j jc + 2 

>fc (4) ibUI ,> u^ii 

1 



■z =e 2x +c. 



jc +2 

;.z ={x + 2)e 2x +c x (x +2) (5) 

(3) (5) £yA ijiaiyuiSj 



(D - 2)y = (x + 2)e 2x + c, (jc + 2) 

^—2y = (x + 2)e 2x + Cl (x + 2) ,1 
dx 



M= je^Hx + 2)e 2x + Cl (x + 2)]tfr 

1 , e' 2 ' e~ 2x 

p=-{x +2) 2 +c£-^{x +2)-*—] 



e**y = ±(x + 2) 2 -i Cl e- u (x + 2)-^c l e- u +c 2 



y = \ (x + 2) 2 e 2jt - I c, (2x + 5) + c 2 e 2 * . 

(Y)jLU 

*Z) 2 +(2jc+3)Z) + 4s(Z) + 2)(xD + 2) 6 tc^t (I 

xy" + (2jc + 3)y + 4^ = e 2j( 

(D + 2){xD + 2)y = D(xD)y + D(2y) + 2xDy + 4>> 

= xDV+Zty + 2Dy+2xDy + 4j/ (1 

= [xD 2 +(2x + 3)D + 4]y. 

xD 2 + (2x + 3)D + 4 s (/> + 2)(xD + 2) i ^ 

(Z)+2XxD+2)y =6* (1) 

(xD + 2)y = z. (2) jl^^ 

( 1 ) fjA (J^jjlJIj 



eillxll ^ilill ===== oj^ ijtafa^lub^lillaujllu ^tan'^ 

:.(D + 2)z = e 2x 

—+2z = e 2x (3) 
ax 



\e 2x e 2x dx = -e Ax 
J 4 

^ (3) <bUI <jp» JUL, 



_2x_ _ 1 Ax . „ 

e z = —e +c. 

.'. z = c.e~ 2x +-e 2jt . 
'4 

(*D + 2);y = c 1 £f 2jt +-e 2 \ 

4 

^ + V%- 2 * + JU~ 



dx x x 4x 



x 4x 

1-2, 1 I A 1 



= c£—xe- 2x --e- 2 *)+^xe u -W*} 
2. 4 4 2 4 

«^q(2x+l)e*+^(2x-iy* 

*r lO 



4 jc 2 * 2 16 * 2 

ID + /?, (*)][/) + p 2 (x)]y *[D+ p 2 (x)][D + p x (x)]y. 

- tUt*2tiafeUtl- tVji 

>L^ Ua^*),^*) L^j y" + p(x)y' + q(x)y = Q U>U\ LyjJoL^ 

:<juVI 4jLluJL 

jr 



. a < jc £ x £ 6 



VY 



eULlII c^Ull 



lojiadoll uioWl u\d cuulill OUJjI! cJbta cT= 



iilS i^S W{y lt y 2 ;x } Ji^j , J_»t ui^ ii.-^H ,;u$ 

> 2 W = w {y^y 2 \x^ (x) t e " ds 

J 

to f| — 
J [*Mf 

X^Wto+c^to fUlJ^I^^^ 

/+/K*)y+^w^=/-(jc) 

»j>*-aJI <^ic 4 ..■')! -y~i.il 



X*) = W (x) + c 2 y 2 (x) + J— £W 



^to 



w {yi*y2ls} = W{y lt y 2 ;x }e 



* 



2= u 



eULlJI ^iliJI ^= 



I 

y(x) » c x y x (x) + c 2 y 2 (x) + je r(s) 



y 2 (s) 

yM y 2 (x) 



ds 



■SUall 5 IjU*1J ^1 J ^ y x = xsinx oi f Li lij 

-bL-OJ r l all J j ».jU*y - 2*/ + (jc 2 + 2)j/ = 

. JjT Uo^, f luil^L. x 2 / - 2x>/ + (* 2 + 2).y = jc 3 sec *; jc> 



Jail 



6 U dUi ^ iuuUUI <bU*ll J* ^ = jcsin jc Vj1 
/ = x cos x + sin x, y' = -* sin x + 2 cos x. 
= * 2 [-x sin * + 2 cos *] - 2*[jt cos x + sin jc] + (x 2 + 2)x sin jc 

0= ^SMcjjlJI- 



^ =>>.(*) J- 



dx 



lojlsdoll uW^zoll Ljl^> diilill dJJjll u^lao = 



/--/+(i+4-)^=° 

X X 
X 



X 

'. y 2 = xsiax i dx = xsmx \cosec 2 xdx 



x sin x 
= -x sin x cot x = -x cos x 









isinj — scoss 








xsinx — xcosjc 



= -sx sin 5 cos x + sx cos 5 sin jc 



y = CM+c 2 y 2 + \e r(s) 



yi(s) y 2 (s) 



ds 



= c,jcsinjc-c 2 Jccosjc+ je ' s sec s[-sx sins cos x+sx cos s sin x}ls 

= c, jc sin x - c 2 x cos x+x Jsec s[- sin s cos x + cos 5 sin x]ds 
y = qjcsin jc - c 2 jccos x + jc[cos x In cos x + x sin x]. 

YjUU 

UiImUJ* M*)=* oi^'M 

(x - ~xy'+y = 0, x*l 



eUlXJI b^MJI := 



x-1 ;c-l 

X 



x-l 
X -1 + 1 



=x + In(;c -1). 

,. e -H*- =e »«<-.> =(;t _ 1)e .. 



1 + - 



X -1 



» V 



let u = ~ dv = e x dx du=-^dx 



v = e 



x 



=1 eULlII ^iLJI 



pjisioJI uioLs^>Jl ub diilHI oujjll u^la n = 



SjjjuaJl ^y\c ^L»JI J*JI <j 

y(x) = c l x+c 2 e x . 



(1) 



dy _dy dz df ^df dz 
dx dz dx y dx dz dx 



d (dy_dz_^ 
^dz dx j 



f dy \ dz | dy d 2 z 
K dz ) dx dz dx 1 



d 2 y = d (dy} d 
dx 2 ~dx{dx Jdx 

dy (dy \dz dz dy d 2 z _d 2 y f <fe Y dy d 2 z 
'dz J^'^ + dx~'dx^ ~^{dx ) + dz~'dx~ T 

J,r>V> (1) ibLJJ (J^j^jlJLij 



£y(dz v 
dz 2 \dx j 



dy d 2 z dy dz 



)-P^.— + Qy = R 



dz dx 2 dz dx 



d 2 y(dz , 

— f — + 
dz 2 (dx 



2 r d 2 z „dz\dy 



2 — 

dx dx 



Qy = R 



dz 



dzj 



d 2 y , B dy 



dz 2 +P ^ +Qy ^ 



(2) 



= 6jj5tfoll U^oLacJI Cib CUilill dujil otalso 



Vz 
dx 2 



r 



+p 



dz_ 
dx 



r dz 

<dx) | (3) 

~ Q R ~ — 

JLULj L^f Lbl5 ^ J> ali c^liJL g Lu^L- I M .( z = /(*) o-^uJI 

.41.1} Cj>UIx* dli Uai. ibU* l^V (2) ibUJLI Jrv 

/ + + = * (1) 
Sj^l^ x,z c&'<&^\J»jZ£ Q = ±Kf(x) ol^^idi) 

(ii) sjiaiJl <>• (iii) 



is K 



( UUJI SjLiVI >U*0 — = +jKf(x) 

ax 



(2) 



z - JV^)dtc (3 ) 

Sj^uJi J! (1) <bui c>***i x,z c& (3) c>* (iv) 



k_ — 



cUIXll ejlill 



d 2 y r> <fy 



<fe J x dz 



(4) 



2_\ 



dx 1 



f*Y f*v 

dx) \dx 



(5) 



tioi^iiu./; wiifiij juuj.uc^is « g = = ±1 01^(2)^ 

A7(*) 

I j| LI .41,1} cj>U1jw oli 4 i,U^ (4) iblUI J>. Q^-i «j ^Ua ojIS 

Oil ^ a! 
(4) <bUI J>- JL*J (v) 

(sin 2 jc) + sin x cos xy' + 4y = 

JaH 

y r + cot;cy' + 4cosec 2 xy = ^ 



i > = cotjt,0 = 4cosec 2 = 



r dzY = 
<dx) 



4cosec 2 x 



(2) 
(3) 



fife = 2cosccc=>z = 21ntan^j (4) 
J\ (1) j^aa 2 x Jiwii^ni jlo-a-L, 

^r^f + a>-^ (5) 



p - ^ ) K"*) -2 cos ecx. cot x + cot x(2 cos ecx) 

1 = " " r- " - = 

4cosec jc 




iA J—j (5) t> o^i^iy 
^+^ = 0=> (^+1)^ = 0:^=4- 

y = c, cosz+c 2 sinz 

= c x cos {2 In tan + c 2 sin {2 In tan (^/)J . 

(Y)JLli 

(cos x) / + y sin x - 2>> cos 3 x = 2 cos 5 jc 



U0 



pjisJoll liW*oH did djulill dOjl u^Uq_= 



Jail 



/ + y tan * - (2cos 2 x)y - 2 cos 4 x 



y" + Py' + Qy = R 



P = tan x,Q = -2 cos 2 = 2 cos 4 * 



f^l =2cos 2 x 
dz-yflxosxdx 



d 2 y iD dy 



dz 



= V2. 



cos* 



dx 

.-. z = V2sin* 



(1) 



(2) 



(3) 



dz 



Sj^uJI (1) <bU1 cdJjuj 

(4) 



fdM D (dO 



d!x' 



-V2 sin*+tan;t. cos* 



'AY 

.dx) 



2 cos x 



= 



2 



R 2 cos 4 * 



dz 
dx 



1 fdzV 2cos 2 x 
^dx 



= cos x 



m 



=j5jbgioJI uW^oil ub oUililJ dujJI cAo Utp ~= ^iHT|| "= 



tf,=l-sin 2 jc = l — 

2 



o4c J^nj (4) 



</ v z 2 2 



y„ = c,<?*+c 2 e~* 



y = c,e z +c 2 e-* +i* 2 = c,^' +c 2 e-^ ,injc +sin 2 x. 

Exact Equations tlUlll IhUf- n 

<z 2 (*)/ + a, (*)/ + a (x)y = /(*) (1) 

iJjU- J^ui, UJc j^^ji ii| (1) u>m 6^>3 ijUj (1) 

(* 2 +l)/+3xy , +y = 3x 2 

yjLai ju,La3 1>4 jiii i^v *t«ti 

(jt 2 +l)/ + *y'+jcy = jc 3 



(1) <JjLl*u "First integral" jjVl J-LSauJI JUL 3 

a 2 y + (a, - a 2 ' );k = + c (2) 

JUb (cos jOy* + (2 sin x)y' + (3 cos x)y = tan 2 jc iliLJU q] 

JsiH 

a 2 = cosjc,o, =(2sinjc),a = 3 cos* 

Ops wdJ i (^itj 
a 2 ' = -sin Jt,a 2 * = -cos*,a,' = 2cos jc,a = 3cos x 

fl 2 *-fl,'+fl =0 

- cos x - 2 cos x + 3 cos x = 

Ub JlWll <J jUI o£ ^ 

<Y)J& 

.l^U jL» J t ( *5<ub (1 + x 2 )/ + 3jc/ + >> = 1 + 3jc 2 iijUlut^T 

a 2 =(l + * 2 ),a,=3*,<J =l 
a 2 =2jt,a 2 = 2,a, =3 

^LtlJI <Ia^u« ^LvTr"i< uLj 



MA 



^A^Iay^ld^duIilldujIici^Lao 



eUlXII qilill ;= 



a 2 " -al+a Q = 2-3 + 1 = 



Q+x*)? + Qx-2x)y= j(l + 3x 2 )dx+c 



(l + x )y , +xy = x+x 3 +c l 
l+JC 2 l + x 2 

Hi* 



= (l + X 2 f ^ J^Li SJjLlc ^ 



^(l+x»)i -1(1+^)5 +c,ln 



* + 



+c, 



vi^o 4^b (l+* 2 )/ + 4*y'+2;> = S ec 2 ;r *_UUIo?c^t 

.* = Uaic j/ = 0,/ = l 



a 2 =2x,a 2 " = 2, a,' =4 



a 2 " -al+a Q =2-4 + 2 = 



LbjJ 



« 2 y + (^-fl 2 ')^= + c 




=1 ejlLUI ^iliJI 



pjiaJoJI uiolsoJI dr» diilill Cttjjll U^Lg n~= 



(1 + x 2 )y' + (4jc - 2x)y = Jsec 2 xdx + c, 
, 2x tan* c, 

y ^ V = 1 ■ 

l + x 2 * \ + x 2 l + x 2 

j>0 + * 2 ) = lnsecjt + c, tan -1 jc + c 2 
^ J^uS^Vl <JjUI J^ULj c 2 =0 < > c ^>i^ = 0j = 

(1 + x 2 )y' + 2xy = tan x + — ^-r- 

1+JC 

>* ^J^»i c, = 1 <>i x = 0,.y = 0,/ = i >,^v 3 

(1 + x 2 )y = In sec x + tan" 1 jc. 

Adjoint Equation: A-»ijJH^Lai- v 

£(>0 = 2 (*)/ + a, (x)y' + a a (x)y = (1) 
^\ f Li J^»Li3 ZZ(J^) <j>^x) ^_j>o z(x) J_aL^ J_*Li ^ LSI* 4_*l3 

dx 

L(z) = (a 2 (x)zY~ (a, (x)z)' + a (x)z = (2) 
J* ^ c^J! J] (1) UWJ J^L^li! ,>Ll ^ f ^ aJi <>« 

U*ljJU UjUL, (2) <bUI Ct *-3 (2) iuiliJt ojjJI ^ ^1 JLL^Lis <bU 



eUlXJI tilill 



jUo| Lu^-I I iji . l jiy*u Adjoint operatorj^l ^jXL Z (1) 
ovu a*j3j .(2) jlw>u u»ui ^jkL^v ^ i^.i^j^a^ yjLua 

. (2) iWjJU u>U1 J^u 

. (1) <bui ^ (2) yju*ij <l.ijju ijjui -.iSa^iA 

Self adjoint equation: Lpfiawjjiahui 
o-X M (2) U-!>U u>UI cJl^ lii Luii u.l> (1) «JjUI cTjLi » 

0L "^ ^ ^ 0) a>-^3 rf | .(1) s^Vl «_bUI ; J3 _~ 

(DJLU 

o^y *w>u <bui oj^xi v+/+^ = o ^i^ji^ y jLm 

(xzy-z'+xz = 0=>xz' + z' + xz = 
• Luli ^ JfctfL, ijUVl <bLJU ij>^ a-^erAj 



* 1 , 



* 1 1 

z — z + -rz + z-=Q 

X X 



l,J <UjJU <bUI Oj^j 



- 



=L bUIXII qilfll 



pjggioJI uWsoJI u\o auilfll diijll crtbla ta = 



Lot j a*l>i.^c ^ JUL, JLLaVl ibUI 2 Jj_Jjtd {jiirtl (joi^Jj 



Uli iJUI^u (1) ibLdl ^l^Jt j ^ jjo^I J, >^JI 
2 '(*) = fl iC*) 

I jj Lplj U-Iji* (( > )s ^J*) i_ul!Ul ^Ji ^ LJ^U: ^JjLw ^ t 



1 



a 2 (x) 



exp 



L J « 2 W J 



a 2 (x)*0 



*JA*X\ 1 ii'^ lij f >_i ot-J I ^ ^ tiJLlA ^-uuj 4_1T - j (3) ijjJoi ^ tjJo^afcU 

^w=o»wyy+^w^=o (3) 



cr* U*^» U*> v-**s "Sturm Liouville" UiL^. (3) Usui <-inuj 

— Cm 



(T)jOi 

*y+*y'-K;t 2 -/i : xy=o 

°2 V °2 ) X J * X 



^ J-~o I ^ JU^I 



Reduction of order t lp >)i j - a 

eH^I cM Jj^*ii y 2 = ^ = «v Jj^atUI r i^-.-Vj 

liiJj ^Iaj .UjUJL>u j| ijj^a <Jb V = V(jc) y?, 1^ 



— = (w(jc)v(jc)) = u'v + uv 
dx 

d 2 y ,, _ , , , t 
— — = u v + 2u v +uv 
dx 



(2) 



(3) 



(j\c Jn">Wi SUoulU 4-IjUJU ^ (^ojjjlJLj 

a 2 (*) £w"v + 2m V + mv" J + a, (jc) v + uv J + a (x)uv = 
a 2 mv" + ^2a 2 u +a^ujv + {a 2 u" + a l u' + a Q ujv = 

^ 2 V r \rfv 



d v / r \ av 
fl2M _ + ^ M + a lM )- = 



dv 



a 2 u-^ + [la 2 u + a l wjw = ( 4 ) 

l^JLaj <J!&i. <Jj>lw ^jkj 



2— + -L 
w a. 



dx 



w -c exp 




/[«(*)]' 



= jwdx = J- 



exp 



X 

-J 



L "2 



a 2 (s) 



ds 



u 2 (x) 



dx 



^2 =«v = ^, J- 



exp 



L 



« 2 W 







u uv 


u' y 2 ' 




u' mv' + k'v 



= k 2 (*)v' 



= exp 



*0 



^LiUUI UiUI JjU a*.! ^ y = x ^ lij 
(^ + 1)^-2x4 + 2^0 

.i^Ji jij^i Uj^jl. Uo^ jaiM.li j^j! jl^jI 

y 2 =x.v >*>Vl J*JI ol t»i !Lk*JLI <JjU1 ^ 3> - a: 



vriT 



ojiiioJI CflfolsoJI Q\3dM gujjJI c/bl*Q~= 



Uric JirtVl 4-bUJU L> iaJ^CjL)j 



✓ 2 ix^ 2 v .dv . 
*(x 2 +l)— + 2-- = 

<£r ax 



dv 



jc(jc 2 + 1) — +2>v = 



W = 



c(* 2 +l) 



V = JC — 



>> 2 =*(*-i) = * 2 -l 



1 



0W 2 )(*) = 
= x 2 +l*0. 



x x 2 -l 
1 2a: 



= 2* 2 -x 2 +l 



= c,x + c^'(jc 2 +1) 

. ^ 



■ 



Jcy"-y-4jcV = 24^V x2 



yjU-aiJ^ y ] =x,y 2 =e x ^^^^^(y 
(x-l)y'-xy' + y = 



0*y" - 2(* - 1)/ + 2(5* - 1) y « h> V + *k' + (4* 2 - -)y = 3x" 2 sin 3x 

4 

iff)* V + *y' + (4* 2 — )y = *v)/ + 2xy' + x 2 y = 

4 

^v)x 2 >»" + xy' + (x 2 + -)y = 

4 

[xD 2 -(x + 2)D + 2]y = ii) [xD 2 - (x + 2)D + 2] y = x - 1 
«i) [jcZ) 2 - (3jc + \)D + 3] y = 2(jc - l)e* 

iv) [<x + 1)Z> 2 - (3jc + 4)£ + 3] y = (3x + 2)e 3jf ; D = — 



EJJUJI C^LlJI ===== lojisijl LjUaiojl ub oluKII dijjli uHr>\*£ 



xD 2 +(2-x)D-l = (D-\)(xD + l) JcJi\(o 
xy" + (2 - x)y' -y = 2x-x 2 U jLlUI r U1 J»J! t ^ 

^ f L_*JI J^>JI jl^. jli ( (x + 2)/ - (2jc + 5)/ + 2y = 2 (* + 2) 2 e 2x ; x * -2 
*j t */+"(* + 2)/ + y = <J jU^U o-dU J>. y l (x) = ~ j^<^c^^h (v 

.JjT iij-us ^'.JLielioiL iJjU^I] ^Lxll JskJI JL».jI 

^ Ldt J>JI jl^jI jr.,.,U ^illl JIjlIL-L <bLU! Jj>>^ (a 
z = sinx u^jjxUI < *1jLi^ljxv* + (sinjc)>''-2>'COS 3 = 2cos 5 a: (1) 
culi a . x 8 / + 3x 7 / + x 2 a 2 j; = 1 < E ) xy" - / + tfy = x 5 M 
z = x 2 L y^cl\ r \jJ*i^Lxy* + (2x 2 - 1)/ - 24x y y = 4x 3 sin* 2 O) 
)>*-/cot.K-j>sin 2 x = 0(j) y" - y'cotx- ysin 2 x = cosx-cos 3 

x 2 y" + xy'-y = x 2 e x 

ax + (b fx ) >a Will yiaJI 

(1 - x)y* + xy'-y = 2(x-l) 2 e\ < x < 1 



(kUtt l^U. jlvjI ^ 

^uju i-aj>io f- iVu uj ( \ \ 
[(* - 1)£> 2 - xD + 1] y = (jc - 1) 2 

.SjIoUl ibLuJJ j>U Ua jc,e* 'ii 

^u-LiJ1 Sjju^JI J] 1^*1. ^ItJI oVjUI ,> j^jT Y 
- (2 tan jc)/ + 5y = (ii)/ - (2 tan jc)/ + 5y = sec jce* 

- -y + (« 2 + 4)* = (^4f ^ - y) - 2jcf r +2 y + xl y = ° 

x x ax\ ax ) dx 

(v) 4" I cos 2 x^" I + y cos 2 x - (vO(y " + y) cot jc + 2(y ' + y tan jc) = sec x. 
dx\ ax) 

(0[xD 2 +(l-x)D-\]y = e x i£.[(xD + \)(D -\)]y = e* 

(ff) [(* + 2)£> - 1] {D - 2)y = (jc + IK (wiXxD - 2)(£> + l)y = jc 3 

(i v)(xD - 2)(D - l)y = x 2 (v) [(jc + 3)D - 1] (D - 2)y = ( jc + 3) 2 e* 
(v/)(jcZ)--1)(£> + 1)j> = jc 2 

(z>(l + *)/ + (Jf - 1)/ ~~ y — x 1 (»)(1 - Jc 2 )/ + (1 - 3x)/ - y = 
(w)^" + (3 + 2x)/ + 2j/ = 2 + e~ 2x (iv)/ + cos;t/-ysinjc + 2;;sinjc = 
(v)(sin 2 x)y" = 2y (v/)jc/ + (1 - jc)/ - y = e x 

(vii)x 2 y* + 3xy' + y 1 



(»-*) 



lojiiioil uiolaoJI Cib dujJI ubla n = 



(0/ + 6;cy'-2)> = 0, (ii)xv' + /-5y = 

(iiiV/ + (5 * + 0/ + 6y = 0, (iv)/ - - / + (1 - -)y = 

x x 

(0 *y* + y' + 3y = 0, (ii)4/ + 2/ - 6y = 

(iii)* V + xy' + (* 2 + O;' = 0, v)/ - / tan jc + 2>> sec x = 

;_uliJI ^ 3 !„■>-,« CiU'Aa y OryJb «(*), v(x) ^LSa !j! ( W 

L(y) = (/» wy )' + y u^=j 

«I(v) - vL(u) = "^[^ MV ' ~ tt ' v )] 



Lulj iUlpJtl ibl**!! ^ «(*), v(jc) 1M O A 

^(y)-(pWy)'+^W> = o 

p(x)[uv'-u'v] = k, k=^\h 
( AbeF s formula) JjT < ;..„-,,> a>UI * ju* u»jju 



IT. 



(x 2 - x + l)y" - (x 2 + x)y' + (x + l)y = 

."<uji\ ji^u LJa>. jzmi >Si 

(2* + 1)/ - 4(x + 1)/ + 4y = 

.o3jJI JI^L LUi. Jsiai >Vt J^JI jl^j! 



Series Solutions of Second Order Differential 
Equations ( Frobenious Method ) 



jeiljll eviMJI := 



Scries Solution of Second Order Differential Equations ( Frobenious Method 



£ = £00 + + + 0(^ + 2) + ... + 0(A); k>p - \ 

ie(»K^' = l:e(«-p)a..^" . Y 

—P n-lp 

* 



WO 



^UnlldJ^bloillu^taMJL loin. 
Hi!" ^Pl|ll _ auiaidujl^diuiloioll 



|>C.* B = C,x + C x x 2 +C 2 x*+... + C H x«« ***** 

7° _ ot* 

• ■ ~ Q » 2C 2 - C, , 3C 3 = C 2 , ... i nC H = C a _, , 

• C =c c — ^° r — _ ^ o 



■X = Q J^>. aL.iI .,,'4 :ub>a3 
/(*) = C + C, (x - a) + C 2 (x - a) 2 + ... = £ C. (x - a)" 

ii-0 

op» x = <l„.l,,.-,tl cJL^ l j| U 
/(*) = C + C,x + C 2 x 2 +... = £ C„ x n 



n-0 

Po (*)y* + Pi + p 2 (x)y « 

Po( a ) * Ordinary point ojLc ikii. ^ n . * = a O 

p (a) = cM=> • Singular point yu* j] ; jLi ikiL x = a (Y 
Regular Singular Point c*kiu ;iLi <kiL uV .-. jc = a (r 

Po(*) Po( x ) 



■ 



jsxUoll cuL=M\ ctaUoll Jc>la. 



diilil! gujjJI auniloJoJl — Hljll ~= 

x(x -l) 2 (x + 2)y" + x 2 y K _ (* 3 + 2* - l)y = 

A>(*) = *(*-l) 2 (* + 2), />,(*) = /> 2 W = -(jc 3 +2^-1) 

PoW = O^l^l * = 0, x = l,x = -2 

(0*-o 



lim^* =lim f « 



/>,(*) 

'-^oOO i_ ^(Jc-l) 2 (^+2) 
/>„(*) (x-l) 2 (*+2) 

•<*JalLa 5iU <Wi * = / 

(«)* =1 

UialL. ^ ;jLi iixli JC = 1 .-. 

(ill) jc=-2 

Km ^ <* +2) = lim x * = ± 



i -► 



Hm (, +2 ) 2 = lim -fr > +2r-l)(x + 2) _ 



4<hTfn JiLiU^jc =-2 



PI Ijll mllll 



jdiUafl OULoloill U^lj^Laoll Join. 



cUilHI aujjJI ^jo cUuiloioJI 



^J— 0% < Jj^l 0^' 4r i-t^ * = a cJl^= Ijj LIU. 4.^1 2l..l...-i, 

y-Ec.(*-«)' 



/f«0 



Oli Utoll S jLUI * = ikiiJI J»J| <jl^, I j] Ut 



>- = Zc. 



n>0 



2xv u +(JC + l)/+3^ = 



{x+\)x 1 r 3jc 2 . 
lim- — — — = - , hm = 

*-** 2x 2 2x 



.x-0 j£mZ LLU < In Sill ^ <j| 

0)JUU 

sjLi iLH jc = ikiJI 



M=&}\ &L=M\ u^UJI Jqla 
^lilldujll^diuilaioll 



„n+r 



»-0 



y' = Z (/i + r)*" + " 1 , = J] C fl (n + r){n + r - 1)**"" 2 

«-0 ,,.0 

Y?C{n+r){n+r-\)x n+r - x +YC n {n+r)x n + r +^C n {n+r)x^- x +fX* B+r =0 

40 

£ C„ (« + r)(2n + 2r - l)*"'" 1 + £ C„ (» + r + 3)x" +r = 



C B (n + r)(2n + 2r-l) + C B _,(/i + r + 2) = (1) 

oic j^^ji (i) ibmi <> w =s o ^ 

C r(2r-1) + C. 1 (r + 2) = 

C 1 =C 2 =:... = d^p. 
C r(2r-1) = ^ 

r(2r-l) = (2) 
ut L^j ( indicial equation ) <AJjS\ <bUI ^ (2) <JjUI 

r = , r = — 
2 



( recurrence relation ) l iJ \ J ^i\ <a>Uit ^ J«x>o (1) u>UI 
- (« + r + 2) 
(/! + r)(2w + 2r-i) 



=: tuijii ^iiiii 



flit-iM! diLsltill Q^lsoJI J^la 
diilill QUJjJl ^jq dUuilaloJ! _ 



:r = 



«(2«-l) 
-3 

* " ^1 ~ ~~~~~ Ca — "**3Cn 

i 

Cj= d Cl = H)H)c =2C 

2 2(3) 1 (2)(3) 
3 "(3)(5) C2 - (3)(5)°- 3 C °' 



c _ -("+ 5/2 ) c 

" (n + 1/2) ^ 

" 2n(2w + +l) " 1 
-7 _7 

C,= 2(3) Co= T Co 

c =^i- C - 9 < 7 > c -He 

2 (4)(5) ' (4X5X6) ° 40 

c =— c - (-»X2Q C =z n c 

3 (6)(7) 2 (6)(7)(40) 80 °' 



y=Al l c. x ^ + A 2 -£c.x- 



n+1/2 

°/ 

*-0 «-0 



.\ ^ = 4 [1 - 3x + 2x 2 - \x l + ...] + A 2 [1 - ! * + li jc 2 - li + ...J*" 2 

3 6 40 80 



Maujl^duulaioJ! == «Ml|liPi | ii T H 



2 



>i Vila J*j^ 3 t JjLJI JIUI J* J <JUJ| liuyj JLiJ 

(Y)JLU 

2*(l-;t)j/ u +(l-*)/ +3^ = 

jjl O-wp-j jLi 4 In n't a: = <jt ^jj 

lim ih£>L = I , um^^ = 

*-*<>2x(l-x) 2 *^2x(l-x) 



- J 



dplHI dijjJI ^jq duulaloil -= 



fi«0 

/ = £ C n (n + r)x n +'- 1 , y vv = £ C B (/i + r)(« + r - 1)*"- 2 

2 2C fl (« + r)(w + r - l)jc' +r "' - £ 2C„ (n + r)(« + r - l)*" +r + 
X C. (» + r)*""- 1 - X C. (« + r)x" +r + X 3C„ ** + ' = 

i»0 n *0 n-0 

.'. 2C lt (/i+r)(«+r-l)-2C )l _ 1 («+r-l)(n+r-2) + 

C„ (« + r ) -C,., (n + r - 1) + 3C,., = 
.". (n + r )(2n + 2r - 1) - C -rI [(« + r - l)(2w + 2r - 3) - 3] = 
/. C„ (/i + r )(2« + 2r - 1) -C„_, [2(n + r ) 2 - 5(« + r )] = 
/. C>+r)(2«+2r-l)-C B _ t («+r)(2/i+2r-5) = (1) 



C r(2r-l)-C_,r(2r-5) = 



n = 



r(2r-l) = 



MY 



rttU-.fS.il diLbladl Q^tsoll Jqlo. 



. c (» + r)(2n + 2r-5) 



aJJjJI iJjLxll ^jjl>. ^ ^iu^L 

r = 

" 2/1-1 - 1 

C 1= ^C =-3C t C 2 =^C 1= C , C^ 5 C 2 ^C , ... . 

y» = Z C »* " = P - 3jc + jc 2 +1* 3 + „.]C 
««o 5 



. c _ ("+>9(2n-4) 
•■ C.-i^c , nil 

•'• c .=yC =-c , c 2 =o=c 3 =c 4 = 

^rEC/ t,/2 =[l-,]C/' 2 

R*0 



r = y 2 (Y 



>> =^[l-3^+j: 2 +i^ 3 +.„] + 5[i_^] > /7 



rtiUgll diLblodl c/tala^ll J^la. 



t,W**l tW* A , B ^ 
jj £a±$ r, =r 2 q] ^\ r-r x , r = r 2 j 30 <_^_JL»JI *j ^ is 

dr 



y% = . ir-r, 



jcV+3jcy v +(l-2jc).y = 



(T)JLU 

tjli <^Uj j ; jLi, iiaij jc = of,j>j 



urn— * =3 , hm- ^— = 1 

x-*Q x JT-+0 jp * 



- 1 



jail^ldlL^lQillCl^LaollJqi^ 



aiiGlldujll^diiiilDaoll JSfljJI -^llfJI "= 



n«0 



CAn+rXn+r-lfr'+'+Y, 3C> +r)x H+r + 



00 



«-0 /t-0 

•'• C n (" + 0(« + r - 1) + 3C„ (« + r) + C„ - 2C,,, = 
•'■ C n [(« + rX» + r + 2) + 1] = 2C,., 

/.C s (« + r + l) 2 =2C ( ,. 1 (1) 



'.C (r + 1) 2 =2C, 



■•• r = -1-1 



(/i+r + 1) 2 " 1 



/I — £X£»^J 



iijLi^t C *0 , C_, =0 vi^ 

uLji^ iAJjJI <JjUI tfj^ oU^ 
: o>L>£=xiil o>Ull ^ (1) ^ 

r OVa, C,,C 2 ,C 3 ,... 



_ a i kgl lquLblQaiCi^laoJtjQk. 



1_ 



• c - r 



2 2 2 
2 = (r + 3) 2 1= [(r + 2)(r + 3)] 2C ° 



2 ^ 2 



3 



( r + 4 ) 2 2 [(r + 2)(r + 3)(r + 4)] 2 



C = 



2 ^0 



[(r + 2)(r + 3)(r + 4)...(r + n + 1)] 

j/VI J^JI ojL^I M ^p. C = 1 ^IpiL, 

x>0 , ^(Ar,r) = x r +|;C fl (rK +r 



" [(r + 2)(r + 3)...(r + « + l)3 J ' " ^ 



2 2 2 2 3 



y,(jc,r) = jc r 1 + — ^ L - T x + ~ -jc 2 4 , 

L (r + 2) 2 (r + 2) 2 (r + 3) 2 (r + 2) 2 (r+3) 2 (r + 4) 2 

j> l (x,-l)=ji;~ , j\ + 2x +x 2 +^x i +... 



duiaidiijll^duuibjoll 




wijii ^imji := 



— z — = * in * 

or 



1 + 



V+, 



(r + 2f (r + 2) 2 (r + 3) 
-4 2 2 2 

.(r + 2) 3X " 4[ (r + 2) 3 (r + 3) 2 + (r + 2) 2 (r + 3) 3 ^ + 



2 ' U-i-* In: 



l + 2*+;t 2 +-jt 3 +. 



-4* -4[l+lj x 2 + 
4 8 



>> =(A+B\nx)x- 1 



l + 2x+x 2 +-x 3 +... 
9 



-^- , [4^+3^ 2 +...] 
V*.>4 Justus jj*. iaLJjdl UsUI tfjjL* (jro J^l 

y = Ay l +By 1 
57 



r-r. 



aiUMl ad^l uHdaJ j gi* 



nljil *PMH dylilldujJI^dbuulaioJI 



Jty* - ly'+xy = 



. X {Sj& '"I* »J_JJ^ 



-3x x 3 
.'.lim— : — = -3 , lim— = 

x -»0 x->0 jf 



. i+lZuA oLi iU£> jc = /. 

C„(/i+r)(/i+r-l)uc' ,+r - 2 

£ C 4 (ii+rXii+r-l)x" +r - , -£ aC.Oi+r^c'^+J] C.jc B+r+l -0 
C.(n + rX» + r-4) + C J _ J =0 (1) 

SjjjguaJt (^yic (1) unl t Tl = £<U9 JJ 

C r(r-4) + C. 2 =0 



MA 



jsfljll ryliJI ;= 



!j>uaJI J*. oj£=£ iuJLJjJI ibUl .\ 

r(r-4) = r, =0 , r 2 =4 

c 1 

" ( W + r)( W + r-4) C -" 2 ' W ~ 2 



(r-2)(r + 2) 



c 4 =— jl_c 2 ta; c 

r(r + 4) 2 (r-2)r(r + 2)(r + 4) 

C 1 c = ^1 

6 (r + 6)(r + 2) 4 (r-2)r(r + 2) 2 (r + 4)(r + 6) 



jK*,r,C ) = C ;t'[l 



■;t 2 + 



(r - 2)(r + 2) (r - 2)r(r + 2)(r + 4) 



x 4 - 



(r-2)r(r + 2) 2 (r + 4)(r + 6) 



x 6 +...] 



cr^ C =Zy crC =Z> (r-0) ^ 



MaOll &L=>lti!I U^LsoJI Jplr* 



— trr ^* 2 1- 4 

v = o jc [r x + x 

(r-2)(r + 2) (r - 2)(r + 2)(r + 4) 

1 x 6 +...] 



(r-2)(r + 2) 2 (r + 4)(r + 6) 

= 6 [-J-;t 4 + ! x 6 -...] 

01 16 (16)(12) J 



^ = J? In* + V r [l - ( 7 -)x 2 

ar ' V (r-2)(r + 2) ( r -2) 2 (r + 2) (r-2)(r + 2) 2 ' 



r 1 ■ 1 1 < 

(r - 2) 2 (r + 2)(r + 4) + (r - 2)(r + 2) 2 (r + 4) + (r - 2)(r + 2)(r + 4) 2 + * 



4 32 32 64 7 



= y,lnx + 6 ^l + ix 2 +^-x 4 +...j 

16 192 7 v 4 64 7 

iaSL^j V <Ii.ili.ri4 Ijyuo ^Jt oJLiil <JjUXI J». JLvj! 



(x-x 2 )y*-3y'+2y = 



^m— T~ = -3 , lim =0 
*-+ox(\-x) *->»x(l-x) 



«0 



J- -Sc. 

£C>+r)(,, + r-lK-'-'-^ 



#r«0 



C„ (n + r){n + r - 1) - C._, (n + r - 1)(„ + r - 2) - 3C„ (» + r ) + 2C,., = 
C JI (/2+r)( n +r-4)-C II _ 1 («+r)(/i+r-3) = " (i) 

i >Lj jUMfc i3(l) ^ /I = 

C r(r-4)-C 1 r(r-3) = 

r(r-4) = => r = 0, r = 4 

J Ciillill UUJI) JAfi ijj.j, ij jLa| ^ ^ ^ o? j 

o>!>£=uJI a>U1 oU (1) ^ d& 



Pfljll Cfiltll 



c _ (n + r)(n + r-3) c 
" (« + r)(« + r-4) 



C= n ± r-3 C 
n + r-4 
r-2 „ 



r-3 



r-2 



r-3 r-3 



c,.JL-c~!-*r^-c t —Z-c t 

' 2 r-1 r-3 r-3 



c 4 = 



r-1 
r + 1 

r-3 



r-3 



;K*,r) = * r |~l + ^- 



-2 r-1 2 r 3 r + 1 4 r+2 , 
3 r-3 r-3 r-3 r-3 



y l = >>(*,4) = * 4 [l + 2x + 3x 2 + 4x 5 + 5x A + ...] 



^2 =>'(^0) = 



2 

3 3 



l + -* + i;c 2 + 0--* 4 --* 5 --x 



1 4 2 5 3 6 4 7 
— * — x — x -.. 

3 3-33 



, 2 1 2 1 
3 3 3" 



j3il=aJI djLrJndl Cl^Laoll JqlQ. 



d^lillaujll^djuulaioJI — IBfljII ^ll|JI ~= 

2 1 



y = C* 4 [l + 2x + 3x 2 + 4x 3 + ...] + B[l + -x + ~x 2 ] 

3 3 



C=A~~B ^ 
3 



V v +/->> = o 



00 » 



n J 

SiLi jc = ol 



lim- = l , lim— = 

* ~*° X x~*Q x 

S jLi <kii X = 

Z C » (" + r )(" + ' - l)*"*" 1 + £ C n (n + r)x n+r ~ x - f c.x"' = 

n "° n-0 



OD 

ji+ r 



X 

n 

n-0 



MaoJI dlLbliiill G^Laoll Jqlo. 



^fljll ^ilill _ dylilldujJl^duulaioJI 



C.(ji + rX» + r)-C 1I . I =0 (1) 



C r 2 - C , = 



= => r = 0,0 



a- 1 



iJJjdl aJjUJII 



1 

ii = r- C__, , « > 1 



r^Vjb c,,c 2 ,c 3 ,... 



i__c=— ! c 

2 1/ , 1\2/ . i\2 *-"0 



(r+2)' ' (r+l)'(r+2) 
: ^(r+l) 2 (r + 2) 2 (r+3Y C ° ' ° A = {r + \)\r+2)\r+Z)\r+4f C * * 



-ddaoil cuL=»lodI Cj^UoJI Jqlfx. 



aiilillapjl^aiiulQioil — fail ill citill ;= . 

yi(x,r)=x r [l+ 1 x + - x 2 +- ! v 3 + 

(r + 1) 2 (r + l) 2 (r + 2) 2 * (r + l) 2 (r + 2) 2 (r +3) 2 * + 

(r + l) 2 (r + 2) 2 (r+3) 2 (r + 4) 2 * * + '" ] 

y 2 M = fefel) . x r {nx[l + - + ...] 

3r (r + 1) 2 (r + l) 2 (r + 2) 2 J 

+ " 2 v-2[ - + ! ljr 2 - 

L (r + 1) 3 > + l) 3 (r + 2) 2 (r + l) 2 (r + 2) 3 J 

2[ 



(r + 1) 3 (r + 2) 2 (r + 3) 2 (r + 1) 2 (r + 2) 3 (r + 3) 2 
1 ]* 3 ...] 



(r + l) 2 (r + 2) 2 (r + 3) : 



\r + l) 2 (r + l) (r + l) 2 (r + 2) 2 V + l r+2* 



J 1 1 

(r + l) 2 (r + 2) 2 (r + 3) 2 V + l + r + 2 + r + 3 ) + "" J 



Sj^uoJI ^ Alill^z, <^x*J <JjUI J*. {ji* dill ^ 



>00 



= w'J 11 ^Mii duiaiaujii^diujiaioii -s 

PoW/+Awy+p 2 wy 8B (i) 

cr-fl (« ^"U Sjj^L* ) LjJ (1) U^LaijU ( 1 ) ^ iJ^I <_bU*U 



(vijiit 



(1) 



>0"\ 



FSfijII qpl|il ^= 



um — 5= — OO 



1 1 

w-— => x- — 

x w 



To** 5^ ilVju JjJUJI jU,V 

• * 



fify _ dy dw 1 dy 2 dy 

dx dw dx x 2 'dw dw 

flL-dt^dydw -1 id 2 y _ dy, 4 d 2 y , dy 

w aw dw w dw 

(2) yjU*U UJiiL. i jLi ^aii w = ^Ucdli^j 
(1) ^I^UJ^sjU^o^^^^aaAlJ! jji^bJLj 

(2) ibUJJ ^ = £c. W' D | .\ 
^ J^ii (2) ^^^uJb 



C„ (« + r )(n + r — X) -~ C n (n + r) + C H + C n _, (n + r — V) — 
C„(n + r-l) 2 +C >l . 1 (n + r-l) = (3) 

1 = ^uu 

/.C (r-l) 2 +C^(r-l)-0 

o,Lu^lC *0, C_, =0 
(r-l) 2 =0 UJjJI UjUI ••■ 



.\r = l, 1 



2 r + 1 1 r(r + l) 

c 3=s ^±c 2 =— ^Lc ,. 

3 r + 2 2 r(r + l)(r + 2) °' 



^I^UIo^Ulg^c (3) iliLJU^ 



fiiUn.H CUtebltill U^LaJI Jqkx. 



dylilldijjjl^diujlaioJI gjigigiUII = 

r r(r + l) r(r + l)(r + 2) 
■ n n (-l) 2 w 2 (-l)V . 

yi =^,(w,i) = w[i->v+-^-^ — +-^— ^ — +„.] 



(-1) . w 



n 

n 



ji«0 



n\ : JLvjj ^UUI J»J| ^ Jj.n-rl 



^^,(w > ,).nv V+ w'[4w--l-(I + -Lx 
9r r z r(r + l) r r + 1 

1 J 1 



A 1 1 v 3 ^ 
(- + + )w 3 ...] 



r(r + l)(r + 2) r r + 1 r + 2 
^>|„ l =, ll nw + ^4(, + I) + ^(l + I + I) + ... ] . 



Jt-I ^ 

y 1 =>-, lniv+iv^ff, --tf 2 + — -H, -...] 
n-i nl 



(2) UjUI <> 



n-0 n ' n -l 

X n-0 i! «! 



=: giiriiBim 



(A)jUU 

4x*y" + 6x 2 y'+y =0 <bUI> 

Jail 



r 6x 2 6 3 
hm — rJC =— = — 



-»°4r 4 2 

hm — — ~- = hm — = oo 
*-»o 4^-* ,_►<> 4* 

3<itVna ^C. SjLi iSaZj X = ,j\ ^\ 
X = — Uiaj W = - <jlis villi JLdj 

w x 

dy _ dy_ dw_ _ -I dy 2 dy 
dx dw dx x 2 dw dw 

dx* dw dw dx x 2 dx 2 dw 

*d 2 y ~ 3 dy 
=w — ^+2w 3 — 

dw dw 

w f/w dw w 2 dw 

aw aw 



jdydLsojr diU=>(fiill O^tsoJI Jqla. 



=== - «laijjli^amibj^i — cildl eiUll := 

ao 

y " = IX o» + r )(« + >• - 1> * +r ~ 2 

•'• 4 H C n(" +r)(n +r-l)w " + '"' + 2£c> + /> B+ '" 1 + £C> " +r = 
C„ [4(n +r)(n+r-l) + 2(n+ r)] +C„_, = 

C n (n+r)(4n+4r-2)+C n _ t =0 (1 ) 



C (r)(4r-2) = => r = 0,r = I 

2 



C " (n + r)(4i! + 4r-2) C "- 1 9 



(i)r=0 

c = - 1 c - - 1 r 

" h(4ji-2) - 1 2/i(2/i-l) 



c =— c c - _1 r - ( - J ) 2 



c =^lc --talc 

3 6.5 Cj "6.5.4! C °" 



ysiljll 



M=M cuL=>ltill G^lsoll JqIql 



0)=C [1 — + — - — 

1 2! 4! 6! 

C. = — 



+ ...] 



-1 



1 



(n+-X4»+ 4.-2) 



-1 



(2«+l)(2«) 



1 2.3 2 4.5 1 5! 



3 6.7~ 2 7! ~° 



1 2 3 
^2 = C Q W 2 [\ + + ...] 

2 3! 5! 7! 



^ =Ay y +By 2 

-l -2 -3 
= ^[1-— +" — 

2! 4! 6! 



- jc _i x~ 2 x-* 

+ ...)+Bx 2 [1-— +- —+...] 

3! 5! 7! J 



(I) 



flrt-rf\B cjil±=>lojdl U^LaJI JqiiX 



duiaiddjJI^auiilaioll gjilll glUII -= 



(Y) 



dx dt dx dt x dt 

dt dt 2 dt 



y^^i^-A^t^^ (4) 



4 [t ^ + 2 ,>* ]+ V* ] + 2, = 



-0 (5) 

(1-jc 2 )/-2V+6>> = 

nut « J^*° 

LbjJ 

(l-^ 2 )y / -2xv / +6>' = (1) 



nr 



FSfljII E^UJI 



rtjUgll diLstoili G^lsoJI J lg 



CUilill QUJjll ^Jq rtufilni ll -= 



/ ■" x 9 dx x 2 W 
dx " A (3) 

t^c ( 1 ) ^ ^^ixj^L 
<'(< 2 ->)^f + 6,=0 (5) 

\ Sj^l J± (5) iJjUl 

(» + r-3)(/z + r + 2)C J , -(n + r-2)(n + r-l)C H _ 2 = 

C (r-3)(r + 2) = 
/. r = 3 , r = -2 

(» + ,-2)( B + r -l) 

(/J f r-3)(w + r + 2) "~ 2 




jd^dfUl^fCi^tsollJ^ 



C,=C 3 =C 5 =... = 

C - r(r + 1) C 
2 (r-lXr + 4) 

c _ r(r + l)(r + 2)(r + 3) 

4 (r-l)(r + l)(r + 4)(r + 6) 

_ r(r + 2)(r + 3) 

(r-l)(r + 4)(r + 6) °' 

,-/'C.p + r(r + 1 > ,» + ^ + 2)(r + 3) < 

(r-lXr + 4) (r-l)(r + 4)(r + 6) " (7) 

JjS/l J*JI J^i C = 1 « (7) w ir = 3 ^ 
7 M , 3.4 * 3.5.6 4 

2.7 2.7.9 J 

^liJI J^l ^ J^o C = 1 , (7)^r = -2 

(5) UjUjj f ui 

y = A yi +By 2 

2.7 2.7.9 J f 2L 3 J 
>4 3.4 1 3.5.6 1, „ . 1 

^ = 7 [1+ iy^ + H?z 1+&:(1 -^> 



,>u>juJI JUu dUjJj .jlyl <bU* Ij^ Jt Sfi^UuJI <bUI o>^3 jA 
jlii ^Ij O^Lu^. JjJLsJl ^ jc ^ JL^> *\ ,„1, „-,,« <ys J 

(» 

^=IV' , C *0 

ji-0 

^ / = Z C -( w+r >" +r "' . r // =Z C -(" +r Xn+r-l)jc" +r - 2 

;ULUI ibUI <ya o^uyCilL? 
£ C> + rX» + r - 1)*"" - £ C. (ti + r)x" + ' + £ C H x* +r = 

+rX« +r-l)-(» + r)+l] = 
Cji („+r-l) 2 -0 (1) 

<AA jJI ibUI JL. J^>u (1)^/1 = ^jjj 
C (r-1) 2 =0 , C o *0 
/. r = l , 1 



vn 



jouL^qJ cuLbloill u^LacJ! J 1q_ 



ot (1) r - 1 jai^jy .oL^L-io <jljjt*Jl 

C„« 2 =0 

> , =^ r S^"= J : r [C +0] = ^' , C =l 

= * r ln*r = 1=* In* ^ j^jj 



y i ~ 



dr 



^2=^i- J 5 — 



os^i JIHI ^ cdJ^Jj 4JUJI ^4.^1 J»J| jUul 4 

* In* 

^ 2= * e ~x r ~ dX =X J =jC I ^ = x] *x 

a 2 (x)y'+a l (x)y'+y =0 



ciiUrv.ll dilolodl u^LhoJI Jqkx 
o^ljaidujJI^duijlaioJI _ 



yjc ^ ^jJl jLlU ^>Vim*t M, + « 2 + Uj + 4l,„l,„"U i-JjUj 

i t 00 

lim m b+j /m„ < 1 tj] sujLi j_^=3 Y u iLJL-HI 

It— >ao I I 



j5ukaaJI dil^loill u^lsdl Jqki 
Q^lilldujJI^diuilixioJI _ 



Piijii mull 



1) 2xy*+(l + *)y-2y = 0; 

2) 2x(x + 1)/ + 3(jc + \)y' - y = ; 

3) 4x 2 y" + 4xy' + (4jc 2 -1)^ = 0; 

4) jc 2 jv" - x(x + l)y' + y = ; 

5) '4jc 2 / +(l-2jc)y = 0; 

6) xy ;/ +y +jcy = 0; 

7) x V* + 2x ( x " 2)*' + 2(2 - 3x)y » ; 

8) V +(*-!)/ -.y = 0; 

9) V-(3 + ^)y +2^ = 0; 

<i)xV+«a + 2x 2 )y + 5>> = 0; 

b) 2x 2 (x - \)y" + x(5x - 3) + (x + \)y = ; 

c) Ax V + 6xy' + y = ; 



jefljJI ^il#JI 



jauI^aJI 6iL=>ltfll D^LsoJI JqIo. 



aailHI dijjll ^jo duubooJI 



1) 4*V+4*y'-.y =0; 

2) 2xV // +l^'+4>' =0; 

4) x 2 y"+2y =0; 

5) jcV-3*y'+4.y =0; 

6) 4jc V*+4xy'-J' = • 

7) / + -/=-^ 

JC 16* 



8) x 2 y" + x y 1 + x 2 — y = 

^ 4 j 

9) x 2 / "(* + 2)y =0 

10) (x -ify" ~(x 2 -x)y' +y =0 *o =1 Utoll siLill iLiill Jbp. 

11) * V' + x / + |x 2 -i ^ =0 

12) < y // -2^ 2 ^ / +8>'=0,y (0) = 0,>' // (0) = 1 



W. 



Legendre Differential Equation 



Legendre Differential Equation 

(l-* 2 )/ x -2xy v +n(n+l)j> =0 (1) 
* = C x P m (x) + C 2 £ (x) j n = 0,1,2,3,... 



v . r 



*=±i ux^ujj M j^^j^\^\^jjj^j\ JA19 ^ e„(x)uiu 

(1) <bU*l] <jM rt-,,„4 o>U Uaj 

^ J^JI ^IJjJ ojLc Jt = 

00 



u^iK" (1) yjUl^^iiyilL 

- 1)**" 2 - - l)x» - 2> 4 fa' + 5>( n + l W = 

*"° *-° *«0 k-0 



jnnl^ill *===" auL^loilljijiaJdJ^lso ~= 



a k k(k - 1) - a k _ 2 (k - 2)(k - 3) - 2a k _ 2 (k - 2) + n(n + l)a k _ 2 = 
/. a k k(k - 1) - a k _ 2 [(k - 2)(k - 1) - n(n + 1)] = 
/. a k k(k - 1) = -a A _ 2 [n 2 + n - (* - 2)(* - 1)] 

Jn-k + 2)( n + k-l) 

k(k-\) ° M ' 

cjI— L^=Mi OAoW^l O,, * 0,0, * jUcty . USUI .luk ^ 

• a , > a i <>• J^= ciULai 

. „ _ -"(» + !) , _ *(» + !) 

2 (2X1) ° 2! 
a - (*-2)(k + 3) _ (ti - 2)/i(/i + + 3) 

(4X3) ° 2 4\ *° 

a _ (n-4)(n + 5) _ (*i-4X«-2)yiQi + l)(w + 3)Q i + 5) 
(6X5) 4 6T 

o,Lu^| a, * ( Y 

_ (/i-1)(/i + 2) _ (n — Y)(n + 2) 
3 "" ©GO * I = ^T- a ' 
_ («-3)(w + 4) _(w-3)(« + l)(/n-2)(/2 + 4) 

" 5 " (^—^ = 5 a ' 

„ _ (n-5)(n + 6) _ («-5)(«-3X«-l)(/i + 2)(w+4)(« + 6) 



= fiilt-slnill j jjqj dljUtp 



AlUBlail Chilli ~= 



v = „ ||{ i-g£l±l)^ f (n - 2)n{n + !)(„ + 3) 

2! 4| x ~ 

{n - 4)(/i - 2)n(/t + + 3Vn 4- 6 

a, f x - <" " **" + 2 > T ^ , (* ~ 3)(» - !)(„ + 2 )(n + 41 5 _ 
3! 5! * 

~ 5)(n - 3)(/2 - IXii + 2Xji + 4)(» + 6) 7 

71 * + •••} 

M J-ws n ^ ^ Sj ^. 6 | ^ < 8 JJJbM ^ ^ ^ ^ 
• C. (*)>,>il* V >^ aj^3 cfj^Vl iUkoHI Uiu P fl (*)>^jL 



i^ji^ y|j y 2 (x) = P m (x) 

>'=c I p ll (^)+c 2 e n (x) 



= wo 



^ ( gom ) Sultan GYjtwT^ 



a_= - W 



2 n (nl) 2 



p n (* ) = £ (-ir — (2/l ~ 2m)! — * - 2 '- 

to 2 H m\{n-m)\{n-2m)\ 



W — 1 

2 

RodrigueigJ)Jjj}Lu«- Y 



z=(x 2 -\y i 



/.z^n^ 2 -!)"-^^) => 2 -1)2^=2^2 (1) 

\x*3 j^f^ (J^IojJ 

Jul J^>u Sj^ (n + 1) (1) J^Uu 
(* 2 -l)z<" +2 > +l)(2*)z ( * +1 > +^p2z ( " ) = 2»[xz ( - l) + (n + l)z , ">] 
. . (jc 2 -l)z<" +2) +2xz ( ' +1> -/i(n + l)z (a) =0 



aiLoUuiij^ial^ ===== Auialali ^iIjJI 



.-. (1 - a: 2 )y u - 2jcy v + n(« + 1)^ = 

^-y-w-lHr (2 "~ 2m)! 

« £S 2*ml(n-m)\(n-2m)\ 



*2«(2* -1)(2* -2)...(2ji -« +1)^ = J?J0L 

h! 2 2 (/i!) 2 

■ • k "**■ - 

2*ji! 

2 m n\dx mlK } J 



i)/JW = i 



/I - 2 £*0JJ 



w = 3 

4) P,W=^:4(^ "I)' ^TtI 6 *' -12x 5 +6x] 

2 3!* 48 dx 

oax o 
:.P 3 (x) = ±(5x*-3x) 

5) P 4 (jc) = -(35jc 4 -30x 2 +3) 

8 

6) P 5 (x)=-(63x 5 -10x 3 +\5x) 

8 

^(*),p 3 (*),p 5 (*),... 

Generating Function for P n (x) t P n (^)jJJ^ij0^u!^3JJ>il^lJJl- t 

5 j^aJl t3 ic JJU*J JjJL*. S^xl^a OjJjJj iJljJl Jj^'i 

Jl-2xh + h 2 h * 

:uLuVt 



+ J V (2* - A) 2 + 



, 1 = [l-2sA +A 2 ]'"' =l + i/r(2x J ^ 2 (2x - A) 2 

Vl-2*A+A 2 2 2! 

= l + jf/t +^-(3jc 2 -1)A 2 +... 
«/>„(*) + />(* )A +P 2 (jt)A 2 +... 



= ctilrslnifl j jdqj dj o\stQ 




i)/J0) = i 



•:(l-2h + h 2 y l > 2 =ZP n (i) h " 
••Q-hr=±PA\)h* 



n-0 



— = a- A)- 1 = i+ a+a 2 +a 3 +.„ = ^; A - 

-•.210)*' -2)*" ^tf' ^.o)=i 



2) = (-!)' 



n«0 



n-0 



.•.(l + 2/i + ^)-^ = |; / > ( _ 1)A . 

n-0 

•■•o+*r=2;^(-i)A' 



SaJ^I <JIjJ! ^ ^ = -1^ 



0+ * r = TTa =i_a +h * ~* 3 + -+nr *• +... 
=S(-i)°A"=|;^(-i)/i» 

n=0 „ = a 




3)^(0) = 



(-\) m (2m)\ 



2 2m (m\y 



n odd ( ;l» jji ) 

n = 2m even ( > 



uLuVl 



•.(1 + A 2 )" 1 ' 2 =£/>„(<))/»' 



n-0 



n»0 



13 13 5 

<-^(-|) (-^)(-^)(-^) 
2 2 l4 2 2 2 t« 



2! 



+(-!)> i^A 4 +(-l) 31 - 3 - 5 L6 



2 2 2! 



2 J 3! 



3! 
A 6 +. 



« = 2m cxJl^> lil L*t t P n (0) = op* n c^t£= lj| ^I^J! ^ 

/>(0) = P 2 (0) = ( ^ l-3.5...(2m-l) ( 1)W 1.3.5...(2m-l) 2.4...2m 



2 m m\ 



2 m m ! 2.4...2m 



= r-n- ( 2m > ! 

1 ' 2 2 "(m!) 2 


(~ir(2m)! 
2 2m (m !) 2 



>>.(0) = 



« odd 

n = 2m even ^ ^ 



■ 



- 



AlUBlall := 



)f{x)P n {x)dx = tff. J (x . . l)f^ x)dx 

-i Z W!_i fix 

=^(-i) - if(* 2 -i)v , " , (*)<fr 



-i 



•i 2n + 1 



-i 



*jcos 2B+ ' 6tf<9 = 2 2n (w!)2 



(orthogonality) jl-UU! i^U. ^^jj 



(2/2 + 1)! 



* -\ 

- 



junlall ^iljli 



ftllrSlnill joif\l dl^lso 



jt/2 



JT/Z i nl2 

Jcos 2 " +l 9d0 = -P(t,s) = /cos 2 " 0sin 2 '-' GdO 

2^ = 2(w + l) => ^ = w + l , 2s-l = => s = ~ 

2 

, * jcos- W = +1,1/2) = L*"+WVW 
o 2 



2 r (n+ l) 

2' 



n!r(l/2) 



2(n + l/2)(«-l/2)...- ir(l/2) 



2'>i) 
(2/i + l)! 



/(*)=^(*)^4V(* 2 -ir 



2"«! dxT 



:.f™{x) 



2"n\dx 2n 
_ (-1)" 1 



2 n n\ 
(2n)! 



2"n! 



= _(2 ! 0!_ , r 2 

2 2 >!) 2 _■>" j 



* =sin# => dx =cos0d0 

x :0-»l 

0:O->*72 



nuiBlsdl milfll 



(J 1 (>»>-*AI 



_ 2(2w)! 2 2 " 
2 2 >!) 2 (2« +1)! 
2 

2«+l 

Ops (\) 0^14.1^ how jUtb 

hfrW*)*^]^ - i)-^i».(x)*-o 



0)JUU 



J* 4 i>(*)<k 



j.i-l mmi i — l|H ' d^loillj^ialdd^Lao ~= 

Jail 



)x 4 P 2 (x)dx = )(x 2 - 1) 2 ^—x A dx = - \\2x\x 2 - Xfdx 
i 2 2 2 2! 7 tic 2 8.1 ' 

= 3 |(jc 6 - 2x 4 + x 2 )dx = 3[-x 7 - -x 5 + -jc 3 ] ' 
J 7 5 3 Jo 

= 3[ I-2 + I ] = iZ. = 2? 
7 5 3 105 35 

I 

jx A P,(x)dx 
-i 

-i 



Recurrence Relations Formulae jJLLhl JjJb- ul jdft 2b)l >5oJI uLjbUll - Y 

1) W = ^T7 xp n W " -TT^. to 

« + 1 « + 1 

2) P„ (x) + 2xP„\x) = />J(x) + P,_,\x) 

3) P„;«-P„., v W = (2» + l)i'„(x) 

4) xP;(x) = P„., ( (a:) + « j P„(a ; ) 



=- o^loillj^iaJdl^Lao — — — - rj |p| — gs 

- :uLuVl 

yll-2xh + h 2 £* " 

- ±(1 - 2xA + h l y n {-2x + 2A) = f^nP n {x)h n ~ x 



n-0 

CO 



••• (* " h)Y.P.{x)h" = (1 - 2hx + h 2 )fnP,(x)h 
£xP.(x)A' -£j>.(x)A- =Z»/ > „WA"- - Y 2aP (x)V + 

"-° »-0 n ,o Ho 

to - P„-i to = (« + 1)^, to - 2«/>, (x) + („ - 1)^, (,) 
•'• (» + 1)^, to = (2n + l)*i>„ (x) - n/»_ (x) 

.1 + 1 + 1 



_ I (1 _ 2xh + h*r n <rm = Z^ «A" 
••• h±P^x)h" = (1 - 2jc/« + A J )t/ > ; (*)*" 

b«0 n-O 

■•■ z^. (*)*"*■ = zp/ma" - Z2^: ma- + z^. x wa"* 2 

n*0 n-0 «-0 n-0 

■•■ i w = *J m - 2xp; w + p_; w 

* j vx*uw (1) ajui^^i, j^lc, 

Pj(x) = ^[xP/(x) + J»»] - —Pjix) 
n+l n+1 



« +1 2 n+l 



" +IV 2(w+l) " +1 2(n+l) V ' 2(7i+l) " V ' n+l - |V ' 



■ 



AUIBlall E^llill ; = 



••■ PJtx) = P.-,\x) + (2n + 1)P„(*) 

a»ji>iiaiuii 

J— o (2),(3) 

.^.(*)+2r£(*)+^ 
■•■^W=2P^(x) + 2ii^W 

tl&l- v 

M )JUU 

1to = U?(*) = * 



n+1 " w+l 



Jail 



1 * 

uv 



^jllBlsall . diL=>lalll joirv.1 dl^Lazo ."5= 



5 2 5 1 2 
P 3 = -xP 2 - -R = -x~(3x 2 -\)--x 
3 3 2 3 ' 3 2 7 3 

p 5 , 5 2 
/>, = — X X X 

3 2 6 3 

= -jc 3 = i(5x J -3;c) 
2 2 2 V 7 



- :olc^!jjLi^yijJ^lj^lolS^l r ljb^L. 

P 6 x =llP 5 +7/> +3i> 

JftH 



uT lSLH (3) »>• 



i> >)+ ;^)=(2/i+i)p^)+p_ 1 x ^) 



(J< <r>.*»o 77 = 5 ^uaj 

^W = (2n-l)/> - .,(j:) + (2/f-5)P a . J +... + 3/> 



.*.p;=iip 5 +p; 



/. /> x = 1 \P 5 + 7P 3 + /> x 



.\P 6 v =llP 5 +7P 3 +3/;+P ' 



C^loillj^iaJai^Lao 



AiUBlaall Is 



P fl v W = (2/i - 1)P B _, (*) + (2 W - 5)P,_ 3 + ... + 5P 2 + 1 

(T)JUU 

o 

Jaff 

(2«+l)P.(*)«P.^(x)-P. _/(*) 

■•/ / '.W & =^ T k- 1 (0)-^,(0)] 



fP(*)dx*0 



)xP,(x)P,_ l (x)dx = -2?- 
-i 4« - 1 



Jail 

o}UJ1 (><» 



h+1 



dx 



/= * fp2 (rMT _ n 2 In 

2/2 + 1 jj n " lV ^ (2/2+1) [2(«-l) + l] 4/2 2 -l 

)x'P,(x)dx 

-I 

^« = K(3x 2 -l) 



Awotsril qtlfJI 



" / "}|^>4 />,(jf) ] P - &c>fe 

88 1 )Pi <* (* + ± )p (x )P„ (x )dx 



n*2,n*0 

2 2_4_ 

3 5 ~15 ,l=2 



>i«J jjo* ciljJ^ avaj F(x)=x 3 +2x 2 +3x +1 



(UJLJU 
JftN 



AW = l,/5(*).i,? l (x) = i(3* J - 1),P 3 (jt ) = I (5jf » -3x) 

* 2 

.-. *' = |/", (x) + if,(,) = oli ^Ui cAj 

.'. f (x) = lj» (,) + |/> {x) + (J[) + |p o(jc) + + p o(;t) 

2 4 18 < 

-J^W+3^(x) + ^/?W + |p. W 



junlall ^iljJI 



ciilt-slriill joinj dtaUio -= 



n i^jj ^ jjo^ 1^2^ f( x ) cJL^d lij - : (Y)l»>fi5 



r-0 



c,=(r + \))f(x)P r (x)dx 

^ -I 



(V)jUU 



J*Jf 



=S C rPr^>> =CqPq(*)+C i P i (x)+C 2 P 2 (x) (1) 



r=0 



c r =(r+j) \x 2 Pr (x)dx 



Po(x) =l,P,(x) =x,p 2 (x) =j(3x 2 -I) 

lijj (3) (.loi^bj (2) ^ r 



(2) 

(3) 
0,1,2 



-l 
l 



2 3 



= I 



2 2 



5 3 



= 2, 



-i 



Aiunlsll qpUII .= 



(jlc J«rflW> (1) ^ji ^ n^rit L 



, 1 . . . 2 



* = -/><>(*) + -/> 2 (*) 



(A)JUU 
JdfeTI 

X 4 - 3X 2 + X = -£-Po(x) + /?,(*) - y p 2 (X) 4- ^ Pa (x). 

E C rPr to *J>--« 



f(x)A 



'0 , -l<x<0 
1 , 0<x<l 



f(x)=Y,c r P,(x) 



r-0 



(1) 



(J 1 t r*> iflJ 



(2) 



r-0 



c r =(r+j))f(x)P r (x)dx 



2r+l 



2 

2r+l ' 



\f(x)p r ( X )dx + j/Y*;/^*;^ 

.-/ 



\P r (x)dx 



(3) 



^ Juo^j (5) ^ r = 0,1,2,... t^ 5 ^ 

1 1 1 1 

c o=~\p,(x)dx = -\\.dx = y ) 

Zq I o / ^ 

^0 
Z a Z Z 

7 f / w 7 V 5x 5 - 3x 7 
"i-2/^>*-2/-2-*-l6 

/« - J^oW - 7 J? (*) - W + 

2 4 16 



2* + l' 



]P k (x)f(x)dx 



f(*) = 



2 1 

~2x+l 0<X<1 
-l£x<0 

.dJ^UI I JLA ^ Aj^uJI ^ JjVl JuujS/t JJJL*JI 



-y 



-/ 

alexia 



10 



=, junlsall 



■ 

J P. (*)/».(*)<& 



-1 







2«+l 



m = n 
m * n 



Bessel's Differential Equations 



jualuill e^1|JI j= 



Bessel's Differential Equations 

- \ 

x 2 y"+xy'+{x*-n 2 )y = 

lim^ = l , linj(^!)^ = ^ 2 

««0 



5>*(* + r)(* + r-l)** + ' + + r)** + ' + £X** + ' +2 -X>*« 

/. a k {k + r)(k + r-l) + a k (k + r) + a k _ 2 - n\ = 

<Jc SfLJjJI <WUI oP» (1) ^ = 

r2 ~" 2 =0 , a_ 2 =0,fl o *0; 

.2/i U^i^l jo^i^a^^Jlo^t 



* * 



In lijL-jj .Uj->* bo*, jl Ijjlc (jjjj^JI ^ J^l ^1 

(* + r) -n 

fly =flj =a s =...=0 



a, = 



-7 



' (r + 2) 2 -n 2 ° 

-1 = (-J) 2 

°< (r + 4) >- n ' a > f( r+ 4) 2 -n 2 ][(r + 2) 2 -n 2 ]"* ' 

(jit Jaa^J& 

=a x r [l- ^- -x 2 + , ( ~ 1)2 7 

fr + 2/-/i' [( r + 4 ) 2 -n 2 ][(r + 2) 2 -n 2 ] J 



r-n £u>jt 



2 2 (/i +1)* 2 4 (« +2)(« +1)2! 
(-1)* 



* 2 * + I 

2 2 * (« + k )(n + k - + 2)(/i + l>Ar ! " J 

° *To («+*)(* + k - !)...(« + 2)(« + l)k ! V 2 ' 



■ , ' 



» «.- 



1 



2T(«+1) 



j (JC ) = y — L£ — 



j n (jc) = y — U£ — A— » 



y = AJ a (x) + BJ_ n (x) 

< ^jxu j-tc jar. /I 

* » 

0» *1*j5Ls ic^y i^-j-rin bjui /I ^jL^a |j| 

= H)V„(*) 

*t^r(-/i + * + l).£! 2 

<Jc k = n + r ^] -n + it = r t u» J j 



J ( X ) = y (J?! ,Xyn+2*+2r 

= V (-1)^ ,Xy+ 2r 

~r(/i+r+i).r(r+i)y 

F(-n + 1) = oo , - « + 1 < => T(r + 1) = oo , -n<r<-\ 



* 3 * 5 



.2n+l 



sin(jc) = x + ... = V (-1)' 

3! 5! ZjV ' 



x 2 x 4 



oo 



(2« + l)! 

.2ii 



cos(x) = i - — + ^ — ... = y (-1)" ±— 

2! 4! & ' ( 2n )! 



(jT CjjjL«9 



J i( x )=\l— sin(x) 

7tX 



j.(x)=y — t^. — r-; 



k!T(k +3/2) 2' 
(-l) k 



OH 



(-l) k 2" 



= &— 
\itx^k!(2k+l)(2k-l)...3.1 l 2 

= p~ y (-V t 2* t, (2k)f2k-2L.4.2 x , 
Hnx*- 1 k If 2k +1)1 ' V 



i_y [ z l)^kl x_ „ w 
tf*-^ k If 2k +1)1 ' 2 y 



2 




(2k +1)1 "ixx 




1 

-- + 2* JUL, 



^=1 ^ r £ ; 



ktr(-L+k+j) 2 

mm 



(-1)- 



X \2k 



k !(k -l/2)(k-3/2 )...3 /2J/ 2T(1 /2) ( 2 ) 



(~l) k 2 2 r 



ttx ^k!(2k-l)(2k -3)...3.1 ( 2 ) 



2k 




2 y (-V k 2 k (2k)(2k-2)...4.2 x 
kt(2k)l ( 2 




cos( X ) 

nx 



jualiull ^plfll ' CuLblodlJjlUdl^lao 



(T)JUU 



J l 2 (x)^J_ 1 2 (x)^ 



TUX 



JftN 



//fx J +/ . 2 (x ) = —sin 2 (x ) +—cos 2 (x ) = —(sin 2 (x) +cos 2 (x)) =— . 
j Y ax Kx nx KX 



Generating Function for 7 n (jc ) J*d JljdkJfcljil HJtdJt - T 



iJUl 



^4) 



: U^n J^jij JljjJ 4jjI^4-T«I1 

Recurrence Relations for J n (x ) ^ J IjJJ l^l^all uQ^W!- T 

2) /.'GO =■£[./.-, C*W. + ,(*)1 
■3)~[*V.(*)] = *V.. I («) 

OA 

dx 



/ JJ ; jd^tl Uljdi ,^1, j^UuO 



00 

v 1 00 00 



■'■f^-iW+^iW = «/.(x) 

up» * (ii) o^uji (r 

oJc J-uMfcA <^ (i) <> (I) CJ Ja» 



at ^ 

i[xV.W]-xV i . l (x). Hi 

Jx. Jua*^s (i) j (I) Cry^UJI j-^o (t 

•"■ *A' (*) ~ "J* (*) = (*) 

/. *-/„'(*) - nx- 1 J. (*) = -x-V n+1 (*) 
tic 

.(ii) i (i) 0rO3>L*Jl o>> (iv) < (iii) ury^UJl cjLAj p^-mj t^l&^U 
y f jc ; = V (zUl \ 



n+2k x 2n+2k ^ 



±fx'J.(x)]-±± ( - J)k 
dx L n{ " dx f^k!r(n+k+l) { 2' 

_f (-l) k (2n+2k) x 2k _ t x n 
H k!r(n+k+l) { 2 } { 2 J 

r(n+k+l) =(n+k)r(n+k) =(n+k)r(n-l +k +1) 0^3 

[x U J n (x)J =X n f ( X.y-i+2t & 

dx L nX &k!r(n-l+k+l) { 2' 

= x n J n _,(x). 



Y-1 



5- ailioloifljaual^lao 



* ASiHrdi+it+DV 




jualmll qiljJl ~= 



»*2* 2* 



,y (-1)«2* 1- ,» 

^^!r(«+^+i)V 



j-^-y, w]= jc-y H£ { £ r . + u 



ft(*-l)!r(n + * + l) v 2 

J^d-aui* = r + l ^ k-l = r ^ 

"H*""- 7 " Wl - X — (-) H+Mr 

* &r!rOi + i + r + l)V 



/; J 3 (x)= JT^inx-xcosx 

2)J 3 ( X )= (JlfXsmx+casx 
~J vnx x 



(V)JLU 



^M = ^.(*W. H (*) 



X 

\'J 1/2 (x) -A—sinx , 
V tcx 

'•J3,2(X) = -J— S 
X \7tX 




^\x n J H _ l (x)dx = x''J H (x)+C 

(3) ami ,w» ;*=iUVt 

^[*V B (*)] = *"./„_,(*) 
ax 



\ xn J*-Mdx = x H J n {x) + C 



\x A J x {x)dx= JV(jcV, 

u = x 2 dv = x 2 J y {x)dx 
du^lxdx v = x 2 J 2 (x). 
-I = x 4 J 2 (x)-2jx 3 J 2 (x)dx 
= x 4 J 2 (x)-2x 3 J J (x) + C. 



OW'-V, , (H)J 2 -J =2J " 



juaiiull ; = 



■(4) StoU^ 6 t 



(T)JLU 
Jfth 



o>U^xUI <a>U! ^ (i) 



xJ'n = -nJ„ -xJ n+l 

xj^-xj, j '=-7, (2) 

ojij^-.n i^>UJi ^ (ii) 

j^JLc. J < n « ^y^ju « + 1, « — 1 ^u>^j 

<>: ^^(3)^(5) i (4)^i>i^W 

V'^J^-U.+J.* (6) 

^ J— »i (6) ^ « = 

= s (-D 2 y ll -2y + y J 

(O)Jtl* 
ojl j^MI o>UJI ^j^J 



Y*. 



, 2n 



X 



X 



o x 



(jic (Jxa>u n — 2 



(DJCU 



ax xx 



Jail 

<>. (ii) ; (i) & 



x 



X x 
X x 

t c^si jjLji juai (i) , (ii) ot.uai r i jls^l. 

ox 



ut a*i (i) , (ii) <*a>UJI ^ 
xjj =- n J n +xJ n _ l (3) 

xJ n J =<n+\)J n ^+xJ R (4) 

c>J-^ (1)^(4) , (2)^ xjj.xlj f lai^L 

otc^f n>-l 

o 

Jut) 

■£(x"J,(x))=x'J„_ l (x) (1) 

Cylc Jui>o (1)^ /j ^ Vjb /! + 1 

= *"'./.« (2) 



\x" +l J n (x)dx=x n "J H+l (x) 



ax 

{}i) b \xJ {ax)dx^J x {ab) 



^-(x m J m (x))=x m J B _,(x)- 
ax 



(1) 

j^Ll J i . nWt /I = 1 £*<>>J 



(xJ l ) = xJ 



adx =dt ij] ax =t 

b * ab 

jxJ (ax)dx = —ltJ (t)dt 

a a a 

Ly k. Jju^jo (1) »>kH Vm .bj 

\xJ (ax)dx =±-*\L (tJl )dt -IjltJjf ^(abJ,(ab) -0) 
J a *at a a 

a 

;AxJ Q (ax)dx=-J 1 (ab) 
o a 

3,(0) = ^ 



YU 



s> adidJidl Jju|al->U» ===- jH ■■■»■ ■ qp|||| 



(ii)Jy y 1 £fc = I[y 2 ( fl )-y 2 (A)] 



Jail 

£,! ^ : (i) ,>J1 



— (x-J.fxJJ—xVrtfx) (1) 

n = 

-JiW (2) 

(^c J—«i (V) Jli. ^lail^L (ii) ,^J| 

6 A 2 

« a X 2 



:(U)JLU 
Jail 



j» ■ ■■■■■ ■ ^pmi 1 dikjloill JjiUdJ^lato = 



fc-J m Jx)dx=-x m JJx) (1) 
)j 3 (x)dx = \x 2 (x~ 2 J 3 (x))dx =x 2 (-x' 2 J 2 (x))-\2x(-x 2 J 2 (x))dx 

jj,(x)dx = - J 2 (*) + \x~ x J 2 (x)dx = - J 2 (jc) + 2(-x- x J l (x)) + C 

— AW-^W+^iW (3) 

X 

-y,(x> = J (x) + y 2 (x) 

JC 

7i( ^ ) = Hil£)_y (^) <4> 

<jl ju*Jii (2) (ys (4 ^IjlskIuiL 

jjt <Ti iM 

a) cos(* sin 0) = J (jc ) + 2/ 2 (* ) cos 29 + 2J 4 (* ) cos 40 + . . . 

& ) sin(x sin 0) = 27, (jc ) sin + Z/ 3 (jc ) sin 30 + Z/ 5 (jc ) sin 50 + . . . 

(_yk, JmV) »jJjJll <JljJt ^ u iajjjLilL»j f = e 



+'{M(*)-^(*))sin^ 

<> J~~ii J_„ (x) = (-1)" J n (x) t ^p-j 
cos(xsin 0) + i sin(xsin 0) = {/ (x) + 27 2 (x) cos 20 + +...} 
+ 1 {2J X (x) sin + 2J 3 (x) sin 30 + . . . } 

£^ cr^l *>Jlj cr^f Stjl—^j 



t>* u^s o*.ji o 

O^/lW «V- 5 / 2 (*) 

•fUiJI V*?^ cr^^ 

^. " (*) = jW.-i(x) -JA*) + J„ 2 (*)] 

ii) Jf (x) = I[7 (*) - 37,., (,)" + 37„ +I (x) - J „ +3 (x)] 

J*V 2 (x)<fr , 

/OjW (*)<fr , 



iii) jx 2 J (x)dx. 

.fl)^[*M*)]-*/.(*). 

ax 

-(/-> 90 



1 = J 9 W + 2J 2 (x) + 2J 4 (x) +... 

ii) J x (x) - J 3 (x) + J 5 ( X ) - J 7 ( X ) + ...= sin x 

* = 2/ /, +6/, / 2 + ... + 2(2/i + i)j b y B+I + 

<jt (A 

(»)y 2 -y 0=2 y; 
(iV)y 2 + 3j ( ; + 4y; = oo 

*i>L^| CiLSMxJI L.JL*lui* 



(m)/ 2 =y '-fr 



■ 



Partial Differential Equations 



=- oui jaJI cuLblbill u^Uzoll ===== — ji a »n -= 

Partial Differential Equations 

j^a] j? 4_j5>a. tfj^Z 4oLl2>U» SJjLl* ^ o5>>Jl i-JLbUUI U>UJtl 

/ (* ,3/ ,Z ,2, ,Zy t Z xy ,Z xg y Zyy ,.») = 

= & _& _ d 2 z _ d 2 z _d 2 z 



z^ + 2z, + 3z y +5z = 2x + cos(x - y) 
z x + 3z y =5z + tan(3* - 2^) 



:o5>JI UiiUUI oVjUI ii!L.T^ 



j (Order) Xd*U2l 4hU1 ^ ( \ 

JjVl ^ujJI ^> z, = z, 

ttjlill oj^jt ^ z ( = z m + sin x 



i nil JJLC jjfc 

r 

i-jkiOl Sj^l ^.^lij i^>Jt 43151^ J^j w jj^u cjkkJi 



leiluill ^pljll 



Au »+B» v +Cu v +Du x +Eu y +Fu = G (1) 

ifUi « w = e - '^ +sinr 

<^^i uu^ +u t =0 

l^juL uu x +yu y +u 2 =Q 



j#A t^ij * G(*,.y) = cJU^ Ijj <^Ull» ijLiUUI U>U1 { ^ u t 



U.UtoU^ (1) <j,UI4 A,B 9 C 9 D 9 E 9 F y G o^Lulc^ &| 
.5*^ *>UL« ell oj^3 L«Sli U**^ / 3 ] x ^ y b j&J 3 \ o>UUI 

c^l^=> IjI Parabolic dkLfilgfUltXji 



(0 u t ="« 



(») 



(iii) k x , 



(iv) au xx + Uyy =0 



:.B 2 -4AC =-4a 



5 2 - 4/4 C =0 



cJl^ljj Hyperbolic ^ajfj21I^JUhLud 

B 1 -4AC>Q 

cJL^ lij Elliptic ^mll iTtl fcjilf t tilti 

C =0„4 =1 , B = 6 i ju>o 
.\5 2 -4/iC = 

Parabolic L^t^l 
5=0,^ =-C =1 O to*i 

.-.5 2 -4^C=4>0 

Hyperbolic l^jl^l 
5 = 1, ^ = C = o*J^ 

•\5 2 -4v4C=l>0 

Hyperbolic L^I^t 



C = l, A = a , B = 



cuijoit aiLs>laEli D^Lstoil === ^ ■■■■ | | r.il|ll ~= 

a > I ^jtfljJI ^1 ^ a = 
s^iUI cj^UUII cli <j5>jj| <oL~L£JI cjVjUI <JU I2_ <ii iSi^yu 

: o&l <uS>JI iAciUUl c^UJi J-l^xJ| da^ui\ 

(i)u t =u xx +2u x +u 
(») u xx +3u xy +u yy -siax 
{iii)u, =u„ 
(iv)t/ /< = M «^+e-' 

$ (1) iukiJI ^>JI s^UUI y^UI J*o ^ liU t^Vf 

.(1) <JjUI 

JftH 

■2y , w w = -2 



=2-2 = 



u xx + = *bUJl «> « = ln(* 2 + / ) 6 ? c^l s&A 

z x =2xy 

z = f(x,y) ^ 
Jail 

J»JI <Jc (coll J> jt£cL>) X J\ iwJL J-l^xi 

X ^ = 0,V 

, c, <_bl*JU ^L-LU ^ w(*,.y) = c x u x + c 2 u 2 i J3 ^ji 



jt o,l^yic^ljiJlcja*o(\) 
o;Ui>fl JljjJI uio*o(Y) 

mjUU 



z -ax + (l- a)y + 6 



z x =a = P , z y =l-a =q 



z = ax 2 +by 2 , ab>0 



:.p+q =1 



xz x+yZy =2z \j 

<o>Jlli 



Biliiill eilill =: djijoJ!aiL=,loiIlu^UoJI := 



2. =2ax -> a = — 
2x 

z y = 2by -+ b =-^~ 

:. 2s= ^ x > + J-y> + P9_ 
2x 2y 4xy 

2yx 1 p + 2xy 2 q = 4xyz 
yx p+xy { q=2xyz jf^f 



z = a(x + y) 

z, =a = p -> z = p(x + y) 



(DJli 
Jail 



z y =a = q -> z = q(x + y). 

(Y)jLU 

z = ax + by + cxy 

z jr =/? = A + cy, z y =q-b + cx 



*£f bull ^lL|JI 



d 2 z 
t=— = o 

dy 1 



ejp dq 
dy dx 



6 =(? - a: j , a = p -ys 

z = (p ~sy)x +(q -sx)y +xys 
= xp+yq -xys 

r = , / = , z =xp +yq - xys 

(A)JLU 



z =(jc 1 +aKy , +A) 

z, =p=2x(y 2 +b) , z y =q =2y(x 2 +a) 

y l +b = p/2x ,(x 1 +a 1 )=q/2y 6 I^T 
pq 

•'. z = — i £ : />g = 4xyz 
4* 

4- U^j^j Sjukj 5 UjJaS ^cj^JL i^Uill UjUI ju^j! 



J&fllllJI == ^jdldj^loiJIu^l^oJI 



Jail 

(x -a) 2 +Cv -fl) 2 +(z -i) 2 =25 

x -a + (z -b)p =0 -> x~a = mp 
y ~a + (z -b)q =0 -> y -a=mq 

-m =z~b 



w 1 (p 1 +^ J +l) = 25 
* ->> =m(p-q) 



z =ax +by +f(a,b) 

■<*-^ji\ JL>ul=b itaU* 



2 = /« + +f(p,q) 

.<Xm»jX\ iJjLco 



uP> 2 =/(«) tfisi < = « 

dx du dx du ^ 



z _ & d f 4f _ 

' dy du dy du ^ 

p+q = 



/( £Z£»,ZZZ. )=0 



z-z z-z 



z -z„ r -z. 







A/ z-z # (z-z f ) 3v (z-z t )' 

y r * , df 1 v -v 

— H + — [ ] = 

fti (*-*,) dv z-z t (z-z.) 



(r-z ) 4 z-z (z -z ) 2 Jt z -z (z-z ) lJ 



i \— [ E^ziA + sji^yA ] ^ 



(z-z ) 2 (z-z ) (z-z ) J (z-z ) J 

OT)J& 

/ (* +>> +z,jc 2 +j/ 2 -z 2 ) = 
df df 

~~(l + p ) + ^-(2x -2zp) = 
ou dv 

df fif 

— (l + q) + %-(2y-2zq) = 
ou dv 



l + /> 2*-2z/> 
1+7 2.y -2zq 



= 



-^) + 2(z +> ;)^-2(z +x)q = 



y tt =c 2 f"(x-ct)+c 2 g"(x+ct) 



1) z =(x-a) , +(y-6) 2 

2) z -axy +b 

3) ax +fcy +cz =1 



4) — + -- + — = 1 
a b 1 c 1 



Vf(-;,x-y) = 

2) z ^x'fix-y) 

3) 2 =f(x+y) 

4) z «/(jO+e'*(x) 

5) x =f(z) + g(y) 

6) '* '=/(*>) 



5) z =a sinfo 

6) z =ajc +ty + a 2 +6 2 

7) z -(* -a 2 )+(^-6 ) 2 

8) a* +b=a 2 x +y 

7)Z =/ (x+iy) + g( X -iy) 
*)z=xy +f (x 2 + y 2 ) 

10) z ) 

11) /* + my + nz = Q(x 2 +y 2 + Z 2 ) 
n)f(x 2 +y> + z \ z * _ 2x y) = 



YTO 



dz dz 
p =z t =-— , ? =z = — 

a* ' ^ 



Sj^-JI (P.D.E) ^5>>J| U^UJ! ibUI j^tj 



f(x,y,z,p,q) = Q 



0) 



Complete Solution r LJI f ,^L ^Luij ^ ^ : JjVI tfU! 

.(Complete Integral) r hii f ^ i^-.ti. ^| 



jl (General Solution) # MxkJker^ *£>Luil Ub^j^ J* t^ON^f 

.(Complete Integral) r L-u f ^ i^u. 



F(x,y,z,A,B) = 



dF dF dz 



(2) 

eric J^u^pJI^ jj «XJJ V-iJL.jLSliVL 
dF 




?s|1iijJI emL*JI ;= 



<Ucj (1) i^LilialUbUl^Jc (4),(3),(2) cXW&Ajc&miX^ 

. (1) <bUUJ L.13 >Ul^xi (2) ibl** 

u=u(x,y, z) , v=v(x,y,z) 
3# du dw dd dv dv 

du dx dz dv dx dz w 



du dy dz dv dy dz U) 



9i/ dv * 

+m iP)( v j, +v,?)-(v ¥ +v i p)( tty +«^) = 
""A +«,v^+„ v^p+uv.pq-uy, -uv M q-uv t p-u t v,pq=0 
(«,v, »«.v,)/» + (uv x -uv t )q=uv y -uv x 

Pp+Qq=R (g) 

P=uy,-u t v r , Q=uv M -uv t , *=«.v,- v . 



u -a , v -b 

u x dx +u y dy +u t dz =0 (9) 
v x dx +v y dy +vdz = (10) 

of JL^i (10),(9),>o 

dx dy dz 



uv t -uv y uv t -uv t uv f -uv x 
dx dy dz 

x < 12 > 

(Lagrange's auxiliary or subsidiary equation ) 5 acLUI ^Ij^V Lc>**^ ^ 

: zacLudi cjVjLai »ik 

. alii g-ijs (9) ,(2) , (1) i£u% $ ( U ,v ) = 
Jj^Jl j^^y Vo^aJj CO^IjiiBl-L. Jjt J^^^ Liil^jiii ( v ) 



— ouijoJl aiL=»loif I Ci^LseoJI ====: g|i.»n r ,|,|| 



• ^ (5) JliXl JjVl LJ-L^J! 



dx _dy _dx 
P 



0^ Jo_j| a u ^l^u .UXI liLi ^ + *' & 

o^isu (x i yz)=c, J->J\ ir Lju^jJ\ s P lC ix + Q x dy + R x dz = 

JIjj U j i.Tjl ^L, ^U*J| ,j * ^ ^ 

Vi,l_^L R l9 Q l9 P t (xj,2),J! l (i,ji l O,fi 1 (* 

r l.ii^L L.] 6 15 J-L^ij UjjUl ^ jjf ^ (multipliers) 

. cdJi ^ (7) , (6) , (4) , (3) *h*% ( v ) 3 \ - 



(?) 



f LUI J^U3 J^JI o^x^j j^^JI o^V LjL- Pidx +G * dy +Rtdz 

.(^.(gj^ljyjh^jl.d) 

t Ail*}- o 

UjU*1J r L*JI J*JI jlwjI 




= m 



dx _dy dz 
T~T~T 



#=1,2=3 ,/>=2 i 



3* - 2y = b tJoju — = — mI jl>o . 

2 3 

- dx dz 

x~2z = a .J**! — = — « 

2 1 

^(jc - 2z,3^ - 2j>) = 
jc - 2z = a(3x - 2.y) + /? 

(t)Jll» 



P = * , Q = y , £ = z 
d!* dy dz 



* t i i . i dx dz 

— = a ^1 In ;t = In z + In a JIl^aP — ~ — 

z >> z 




z z 



zp = ~x 

P=z , (3=0 , R=~> 
dx dy dz 

2 -X 

'.'dy =0 :.y =a 
dx -dz 
z x 



(y -z)p + (x -y)q =z ~x 
P=y-z , Q = x - y t R = z _ 

P+Q+R =0 



jef bull biIjII ~= 



(T)JLu 

Cr* i^UAl ^Ij^V CiVjLw 



JfliM 



dx dy dz 
P ~ Q ~ R 



:.dx + dy + dz = 
:.x + y + z = a 



r x 2 



xP+zQ + yR =0 
:.xdx + zdy +ydz =d - — + yz 

1 2 

.*. —x + yz =C 
2 

jc 2 + 2>>z=& , b =2C 
Qix + y + z^ 2 +2yz) = 
x 2 + 2yz = a(x + y + z) + J3 



= 



(x 2 -y 2 - z 2 )p + 2xyq = 2xz 



<jt JL*o yujlmo^ (* ,2 t y ) JL^Lj 



15 jjui C 



<U**ii r UJt j*Jt ji^y 



P=x 2 -y 2 -z 2 , =2jc>> , /? =2xz 



dx 



dy dz 



x 2 -y 3 -z 2 2xy 2xz 



.. dy dz 

' 2xy 2xz ^'j^OiK^JIo- 
.*.Injv =br +lna ^ J^o 

z 

.. ydy zdz 

' x(x 2 -y 2 -z 2 )~~2x~P' := 7x7 T ^<^^ L: ^( x >y>z) Ma 
• xdx +y<i V +zdz zdz 



x(x 2 -y 2 -z 2 +2y 2 +2z 2 )~7x7 T <^ J 
. 2 xdx +2 ydy +2 zdz zdz 

"x 2 -y 2 -z 2 +2y 2 +2z 2 ~T 2 ~ ^ 

•*• : — =b oT^i 



x +y 2 + z 2 =ay + ftz 



P~2q=3x 2 sin (y+2x) 



^ ii^Ul ^I^V oVjL« o>^3 



JBf Ullll Ell|JI 



dx dy _ dz 
1 ~ -2 ~ 3x 2 sin(y + 2x) 



dx _ dy 

>> + 2x = a 
dz 



1 3jc 2 sin(a) 
z = * 3 sina + b 
z-x* sin(>> + 2jc) = b 



dx dy dz 
mz-ny nx-iz ty-mx 



tdx _ mdy _ ndz 



c\)jUU 



JftH 

t^ic Juuuuj;Li«&> (l,m,n) jl^L 



£(mz-ny) m{nx-tz) n{ty-mx) 

■ ^* mflfy _ w& 

mxz-nxy n*y-&y iyz-mxz 

£dx + mdy + ndz = 

xdx + ydy + zdz = 

.*. £x + + nz = a 

x 2 +y 2 +z 2 =b 



(x + y)zp + z(n-y)q = x 2 + y 2 



SuaUXI oV^Lu. 



Cr^ J^ov^Lux*^ ( Xi y >Z ) SaXi 

(/) xdx _ = _ ydy _ = zdz 

xz(x + y) yz(x-y) z(x 2 +y 2 ) 

>*(* + >0 z(x 2 +y 2 ) 
xdx - - zdz = 

.:ydx+x<fy-zdz = £»lo^(0 6-£4_k 

.•.2jry-z J =6 . . . 

• J»JI 

(A)jOi 

O + jO/h-O-*)* u>uij* 



PfLuill qil§ll 



Q^jaJleiLbliiillu^LaoJI Z= 



<fz _ dx + dy _dx-dy 
z 2+x+y y-x 
In z - ln(2 + jc + y) + In a 
In z = -ln(>> - jc) + lab 
z 



(2 + x + y) 

z =b 



-a 



(y-x) 



<:,/? + c 2 ? + c 3 z = 

P = c, , Q = c 2 , 
fifcc _ dy _ dz 



c 2 -c,z 



dx dy 



c x c 2 



:. c i y-c 2 x = a 
dx dz 



R = -< 



c % z 



=- o^jdlouUloillG^UoJI 



je&f bull eilfll 



c. 



C3 
— -x 



.\ z = be q 



c 3 
— —x 



z = e cl 0(c,y-c 2 x) 



y 2 (*-y)P + x 2 (x-y)q = z(x 2 +y 2 ) 



fife 



r^-y) ^C*-^) z(* 2 +/) 



(i) 



x 3 + /= c l c^J^^ljJjVlo^^u^Jl^ 
• ^jL-j >^ J^, 6 |i (1 , - 1,0) <_u,L^I ai.Lj 

dx-dy dx-dy 

y 2 (x-y) + x 2 (x-y) (x-y)(x 2 +y 2 ) (2) 

vie. J~~o (2) ^^x-^JI^o (1) 4_^JliJ| >l ^ a j| (>a 
&-<fo dz _dx- dy 

z(* 2 +y 2 ) (x-y)(x 2 +y 2 )^ z - X -y 

Inz - In = In c 2 e^ULj 

) = y>d^\os*=*i) 



dz 



Q(x 3 +y\-L 



x-y 



1) p + q = z 

2) 3p + 4q = 2 

3) yq -xp = z 

4) xzp + _yz^ = 

5) x 2 /> + / gr = z 2 

6) zp + = x 

7) zg + py as xz 

8) /> + ? = * 

9) P + ? = .y 

10) //>-xj^=jc/(z-2.y) 

11) xzp + yzq - xy 

12) (z 2 - 2yz - y 2 ) p + (xy + xz)q=xy - xz 



13) p + ^ = 1 

14) ptanx + q tmy = tanz 

15) P + q = x + y + z 

16) z{p-q) = z 2 + (x+y? 

17) jcyp + y = zxy - 2 x 2 

18) p + 3q = 5z - ran ( y - 3x) 

19) py + q X = xyz 2 ( x 2 - y 2 ) 

20) z = - x 

21) z(x/?-jy^) = / -x 2 

22) (*->0;? + (x+>;)2 = 2jcz 



v — " . , 



f ( u >% . «x 2 , , , ^ ) = o 

* = / M-f 2 (x 2 ).f 3 (x, )...f a (*J 

^ii3^^/(, i ),/ j (, 2))/3( , 3)ji>tj/;(jcJ JIjjuJ ; 

*fili LU g^js iuVI <£uVlj , oj^JI l^u ^ 

"^-3^=0 (1) 
«(0,y) = |e- 2 ' , *><) 



u =f,(x ¥2 (y ) 
■■f l 'f 1 -3f,f 2 '=0 





"3f, f, 



:.u =ce H3x+y) 



J 2 



-I 

2 

(T)jdi 

. t . «. • » 

■••/.V 2 +/ l / 2 u =o => ^+^=0 



TO. 



aujdlajLbloiIlci^LaoJ! 

f » •■ — --K 



O*>0 , h)*=0 , iii)k<0 

y/.*-* a /.«o , / 2 %A 2 / 2 =0 



••"CkoO^V +5 ie -^)(^ 2 cos(^)+5 2 sin(^)) 
»)*=0 



••"(^^) = (^ +B x )(A 2 y +B 2 ) 



iii)k<0 :.k=-a 2 

w 



V, =0 , / 2 u -a 2 / 2 =0 

= A , cos(ar* ) + B , sin(a;t ) 
•./W 2 e a> +5 2 6T a * 



jsflmll ^plffi — : aiij^laiLblcullD^Laoil ~H 

<T)Jlli 



«(o,o-o = «(jt,o 

k(*,0) = 4 sin 3a: 



u( Xi t) = f(x)g(t) 

/ g 



i)c>0, z7)c = 0, m)c<0 
z)c>0 => c = A 2 



£- = X 2 => f = 5,^ + B 2 e" 

:.u(x,y) = e x2 '(A t e' x +A 2 e-> J ') 
«(jc,0) = 4sin 3x 



TOY 



=_ aiij^lofelcullij^Laoll 



isfimll ^ii^ji := 



i*0 c = 
^ = 

g 

^- = 



'g = A 



f 



:.f = B x x + B 2 
:. u(x,t) = A l x + A 2 
i/(*,0) = 4sin3* 



Hi )c <0 
g 



:.c =-a 
=>£ =Ae~ a1 ' 



jr = -a cos(a* ) + 5 2 sin(£rx ) 

.'.«(* ,0 =e" al '[^, cos(ax)+^ 2 sin(a* )] 
m(0,/) = => A^O 
u(x,t) = A 2 sin(a^) = 



.■. sm(an) = 



.'. u(x,t) = A 2 e ah sin(ac) 
w(.r,0) = A 2 sin(ax) = 4sin(3;t) 



a = 0,±1,±2,... 



TOY 



*Sf bull mljJI 



« = 3 , A 2 =4 

/. w(x,0 = 4e^ sin(3;t) 



oVjLcjj f uii 

1) u x +u = u y , «(*,()) = 4e -3 * 

2) «,=4tt ju , 11(0,0 = = 11(4,0 , w(jc,0) = 5sin(/cc) 

3) u x =4u, , w(0,0) = 10 , k(0,4) = 200 

=2u yy -\2u y +4u 

Wave Equation 2?>ti lteU»< \ 



d 2 u 2 d 2 u 



= c 



JLAjJI iajlj AU — 



a 2 « a 2 « 



Z' 1 \ fl2, 



cfcc2 dyl 



dtl 



Heat flow equation 7jl>a»ab>tflfob4( r 

d 2 u (l^\du_ 
dt 



dx 2 [h j 



Vw = — - + 



dx 2 + dy 2 ~UA&" 



Vu= — r+r^r = 



Laplace equation jM» V 2JAm( r 

a* 2 " av 2 = 

Poisson equation j^jajiUiU 

^2 a 2 4 a 2 4 ^ , , 

Radio Equation HfoUM • 

-— = L— 
dx dt 

-L= OK. 
x dt 

5j>mxJI ^ Jo,«U o5jl*j * U+Lu iiLJI ocl^ ^cu^j^jJl IjJ 

Jfch 

dt 2 - c &p- 0) 



y{0,t) = , y{t t 0) = (2 ) " 

i>i*« u>^j <l»ij ^1 i>i < trij-wn (Transverse) <o^> ...n 



F-lliull qp|f|| 



(3) 



y{x,0) = k{tx-x 2 ) (4) 
.(1) <w*ui o^Jl Jtj^l ^ (4), (3), (2) o^Ul 

y = />(*)■ f A*) 

•'■y.=Mi » y„=f*-f, 



/l/ 2 =C/t / 2 



.•./ l w +a , / 1 -0 

• =c, cos ax +c 2 sin ax 
/, = Cj cos act +c 4 sin ac/ 
•'• y - (C\ cos ax +c 2 sin ax )(Cj cos act +c 4 sin ac/ ) 
vjK0,/) = 

.". c, (c, cos ac/ +c 4 sin ac/ ) = 
•'• c, = 

■'• .V = c 2 sin ax (c, cos ac/ +c 4 sin ac/ ) 
= 



■■■( 


dy_ 




dt 




= c 


dt 





c 7 sin(ax Xc 4 c a) = 



Ops t^JULj 
uUj-JJI >->"i i,i)i_> 



Y01 



c 2 * 

.*. y = c 2 c 3 sin(a*)cos(aex) 
i.e : y = A sin(ccc) cos(aac) 

A — CjCj y*^ t> 



/. Asm(at)cos((aet) = 
/. sin(a/) = => at^nn , n= 1,2, 
hat 



a = 



.-.>-=2:^sii,(^)cos») 

••y(x f 0)=k(tx-x 2 ) 



<L>1 



1* 



-Co £ 



ot ( Fourier <LJL-L. f Ij^l-Lj 



YOV 



ESfUull ^pi||| 



duj^laa»Uuiiu^lsoJl z= 



m 



f 1 1 
\x sm(mx )dx = x cos(mx ) + — sm(mx ) 

m 



f 1 2 

\x 2 im{mx )dx = x 2 cos(m* ) + -^sin(mx ) + -i- C os(/w* ) 

m mm 



.hat ^ J 

2cos(— *X-t-t) 
= ' 2 A" [(-/) "- ;]( 7 ) 



8£_ 
n k 




• ^ (* .0 = Z~T-T sm (-r * )cos(— / ) 



J JUL n O-a 



YOA 



|B|liull qpl|ll "= 



(2) 
(3) 



^(0,0 = , y(£,t) = 

(JjLJI JIM! ojl>JI Jojl^AJI Ji^V) 

B^CA J^xAJL 0^>A U^a J^l 0^ / = jl* ^j^l 



t (0,0) 




3a 



y-a _ a -(-a) 
3 3 3 



3a 



1/3 
I 1- 



//3 



*/3 



VSfllllll ^ll|J| 



diij^ctiloUJllGtdsoll ~= 



y^o _ - (-a) 
x-£ £ _2£ 

3 



3«/ 



£ 



V-2x) 
(x-t) 



OZx 

3 

-t£x £—£ 
3 5 

\t<>x <>£ 
3 



(4) 



<j,U)l Jlill^l )^ (3),(2) oo^JI (1) ibUIJ* 

•••:K*,0) = £s.sin(— *) 



2/ 
3 



3 

i( I £ 



jsf bull Bilfll JM 



f 1 1 

Yx sin(mx)dx = jc cos(m*)+— sin(mx) 

m m 

\{t-2x)sw(mx)dx 2 x)cos(mx)-^ T sm(mx) 

m m 

J(* -£)sm(mx)dx =~sin(mx)-~(x -i)cos(mx) 

nt m 



"6a B " |«V 
-2£ 2 . ,nn 



113 



{-J-7 sm (-r^ ) V -2x )cos(^f * )}„/ 

n n £ nn l 3 



2tli 



nn 
,nn 



£ 2 .. .nn . £ , _ nn ^ ( 



{-TT^(r-r^)~(x -£)co$(^x)} 2tf3 
n n I nn £ 



= -^{sin(^)-2sin(^) + 2 s in(i^)-sin(^)}^ 
n n 3 3 3 3 

t f £ ,nn. £ ,2nn. £ ,nn £ 2nn 

_ { _ C0S ( T) -_ C0S( __ ) __ C0S( _ )+ 1 C0S( £2£ )} 

.■.5.=^(sin(^)-sta(i^)) 

n n 3 3 

_ 18a t^,nn^ . nn. .w/r 
— j^(sm(— )-2sm(— )cos( — )) 
n n 3 3 3 

18a . ,nn. ri . 
n n 3 



. ,2nn 



,2nn. 



36a . ,nn. 

— sm (— ) 

n n* 3 





n 



n 




( gOiai ) ^U^Uufl GYa Wl j = 



••JW)- Z -i-rsin(— )sin(— x)cos(— 

*-2.4,.,n TC 3 z £ 



m = 1,2,3,... vi-p. n = 2m j^L 



' ' yi 9 } ^-^sm(— )sin(— - jf)cos(— ^0 



t 1 , 

(jl X = — -C £u>jj 



<*i> -j>j lij .LSIoil ijlj^Jl jJiUUj (Insulated) Jj^ I 4}jL y^fr 



nnx^ , n 2 c 2 n 2 



«(^0 = E^sin(^)exp{ 



«.=S*.sin(^x) 



«r-l 



dt ~° dx 2 



Jail 

Cr* 5 jl>*Jt uW>" <kl** g^'il 



T1Y 



IBf hull eil|ll := 



"(*.0«/(*)./ a (0 



fi + <*Vi =0 -> /; = c, cos(cnr) + c, sin(ar) 
« = e- ,A (i4cos(cDp) + J3sin(a* |)) 



i4 =c,c 2 , 5 =cf 3 
:.A=0 

Sin at - a £ - n 



«(x,0-2v" *" sin(— 



a -I 



glUull eilill I ayjolldi^biillu^lsoJI ~H 



80° i 30° C U^jlp.^jjj 20cm aSjL v^^l* Ua 4# c^L£=, lij 
J j t^UI ijl>^ eA^jj cjjjuL I jj Steady a)l>UI iJL* J>x- : ^ v .y.t| ^ 

' C*W ^ &fi j^jT ^spii ^ 60°C,40°C 

„ rt 80-30 5 
« =30+ x =30+ -a: 

* 2 

60-40 

" =40 + x = 40 + * 

I 

(v^JI J>) / = 20 ^ 

<JjU1 

dt C dx 2 



■«(«,0«&/» M m(^i) 
^ 20 



bull eilfll ;= 



u(x ,/) = 40+x +5>/ ( » > ' ' sin(^x) 



« =30 + -* 
2 



.'.30+-* sin(— x) 



20 



.-.-x -10 = Y 5 sin(— jc) 
2 ^ " V 20 } 



0P» ' = jl^,^!, 



2 " 3 



20/2 



1 J3|" 400 . ,nn , 20 nn V 

-|20 

COS(— X) 

20 ; J 



200 



nn 



- 77 (-L cos(«;r)] + [cos nn - 1]} 

IU * nn nn 

_ 1 , 400 200, 

- — { COSrtJT } 



10 na- 



if 



n "20 

(2cosn«- + l) 

nn 



.•..(r.i)-40« -^l™^^' sia( ™ x) 

* ~i i 20 



no 



JSfllllll ^llfll _J^E^^_ duiqJIdiLblnillu^^oil 



a 3 « a 2 « n 



u(0,y)=u(t,y)=u(x,0) = 
u(x,a)-sin(—x) 



(1) 



Jail 



"=/,(* )/ 2 00 



"V, f 2 ~ 

•-/,% « a /,-0 c^J~* 

.'.^ c cos(a* ) +c t sm(ax ) ^ 

f 2 x -af 2 =0 ^Jj^j 

••«(*,>>) = (c, cos(arx ) +c 2 sin(a* ))(c 3 e fl ' +c 4 e _<v ) >» U!l J>JI u>^y 



"(0^) = -+ c x {cf« y +c t e- ay ) = — ■ 
'■u(*,y) = (Ae ay +Be° y )smax 

w(*,0) = -> sin(atf) = -» al = n7t 



c, =0 

v4 = c 2 c 3 , 5 = c 2 c 4 vt-p. 



-> a = 



nn 



nx 

■ u(x,y) = (Ae *' + Be' t )sin(—x) 

t 



w(jc,0) = - 
:.A =-B =C 



► (A+B)sin(™x) = 
I 



•'.u(x,y)±C(e< -e '')sin(^) 
/. u (x ,y ) = 2C sinh(— y ) sin(— x ) 



u(x t a) = sin(~x) = 2C sinh(— )sin(— jc) 
' t t 



:.C =■ 



1 



2sinh(— — ) 



sinh(— y) 
:.u(x ,y ) - sin( — * ) — £ 

sinn(— a) 



dx dt 



dl _ dV 
dx ~~ C ~dt~ 



of* 



/(*,0) = / , F(jc,0)=K sin(— ) 



dx dt 
dl__ dV 
dx dt 



(1) 
(2) 



, a 2 / a 2 / aV 
a« 2 a»ar ' ara* at 2 



&v r aV 

— -=Lc — - 

a* 2 a* 2 



"a* 2 ■ / ' /j * a? 2 ~ /,i/2 c&z*a 

fx V, = W," ^ ( 1 > y - >La ' * o^b" 



==L dujcjt djtL=>lfiill CiS^lsoll ===== £S|lu||| ■■■ Ijl l ~= 

/, = c, cos(«jc ) + Cj sin(ajr ) 

r , at ^ . . at ^ 

Ji = c } cos( . — ) + c 4 sin( , — ) 

Vic Vic , „ ^ 

/. K (x ,f) = (c, cos(ojc ) +c 2 sin(a* ))(c 3 cos(-^L) +c 4 sin(-S=r)) 

V^c Vic 

V (x , 0) = V sin(— ) ^J-^ 1 6*J 

/ 

K sin(-y-) = c 3 (c, cos(a* ) + c 2 sin(ajc )) ^ t ^ ua * u 

.\c,c 3 =0 -» c, =0 U^^W^J 

V (* .0 = P cos(-^=) + ^ s in(-^=)]sin(— ) 
/Vic /Vic / 

A =c 2 c 4 ^ 
uji t = L.juc ^1 sLkUl Joj LH 15l f la*l*.Lj 

fl-O.^.OJ^sin^), £ = <>,/=/„ = ^ 

— = sm(-— )[-V _— . sul (_ =r ) + — — cos( , — )] 
* / /Vic tju tju tjlc 

/.0«sin(~)[-4l*] -* A =0 ^ ' = Ujtitj 



* /Vic 

.'. K (jc ,/ ) = V t sin(— ) cos(-^=). 

/ /Vic 



fffllllll ^Ifll '■ dJjdldiUUullu^UoJI ~"== 



<y _ i ar 
ar i ^ 

•— cos( T )s«,(^) + /(,) 
* * /Vic />/Zc / 



' ~ TTT • ~ co <—) sm(— =) + F(t) 

* /vie 

t = a* 7 = / \ 

V £ / /Vic 



YV. 



diiiqJdil^Iu^^xoJI 




tsf bull _; = 



du_ = 2 dj4_ 
dt a dx 2 



d 2 u * 
-a 



2 d 2 u 



i^Vt oVUJI ^ 
7 * = ^ , * = UjlIc w = (i 

0<x<£ ^ x t = LajLtc w = 3sin(^) ( v 



cbc 3 



«(0,/) = «(*,/) = , u(x,0) = 

a* 2 c 2 dt 1 



<JjUI J* (r 



w (0,/ )=2,2(1,0=3,« (* ,0)=jc (1-*) 
f>0,0 = £jt<£l 



1H 3 




jeuIiiiJI ^ilill 



a^jaJIdjL^l^lu^LaoJI Z= 



u (0,1)=0,k (a, = 
u (x ,0 )=/ (x) 
du 



dt 



= " (x ,0) = g (x) 



d 2 u 



d 2 u 



* 2 =6, 

dx 2 [dt j 



«(0,O = 0,«(2,0) = 0,/70,0<jf<2 
if (x , 0) = x , 0<x <2 



a« , d 2 u' 

= 3 -z~t ^l**U ^Uil J»JI j^j! n 



. J 




Fourier Series 




uyoficUiuo - . . 

JKJ>iJai nil 
Fourier Series 



1 • 

/W = -fl +2Kcos/u + ^sinnxJ (i) 

^Lh' = U,3 A>a n a 

0><1^X\^ J , harmonic analysis ^l^i ^ 

.2/r l>^J^<^ J> ^ij|jJl Cr ^u 
Periodic Function Sg^UI IfldJl -y 

ii| r s^i ^ 4j b /(JC) y| ^ 6l JLi 

f(x + T) = f( x ) 

.£ui\h joe r 

s^lfti ^(j^cosl.sinS^tan^cos^sin^ t j^* 

3 2 

I- [0,7] T ;jjaJ| ^ 





||Bl£ll^lfll 



J/(x)dr- J/(x)& 



J/(x)cfe = jf(x)dx jf(x)dx 

a a T 

jf(x)dx= I fix, +T)dx t = //*(*,)<&, 



a+r r « r 

J/(*)d* = + J/(x)dx= jf(x)dx. 



//•(*)<& = //■(*)<& = j/W&= }/•(*)«&. 
-r o r 27" 

utc»j ^ /(x + r) = /(x) olrf! < T s^jJI y /(jc) 

Oji aito Jc, /, («) = a ^ J 

/(*« + D- /(*(« + j)) = + 1). " 
k 



~ = 2* it ^ * ^ , I IJJiiB v ^ ylj /(u) oJi ^ ^ 

T 

<j\ f(x) aui ^ = _ M 6 f ^ uiii ^ . it - X 6ii ^ 

2#r 

.2* i^JJI^^Ij/.Cw) 
<L- a****) JSLuJI ^ o^jJI j| jaJ | ^ ^ ^ 

Even function 4#f.j>JI (f) 
/« = /(-*) ^u-UJI l^j 2* Sj^jJl ^ ^ ^ 



2* 



In 



<S>JSL* 



jljjc^dliuiiulo 



Odd function o^iJI ill jlJI 

(Y) J^ui 4 U^, /(*) = -/(-*) i^liJI V 
4 




/Or + x) = -/(* " x) , /(0) = jt Ji»iL, 

Even harmonic function Jfeljffit iJlj <£ 
Or) J^i lUs»/(^ + x) = /(*) s^UJl 




Odd harmonic function jiljsll hijk <Ib (j 





















. 






a M U)lu^ULCUI J Mi(V 

2 * 2k 'VI 

/) jsin(nx)dx = fcos(nx)dx = 



z * 2k 

ii) [sm{wc)s\n(mx)dx= jcos(nx)cos(mx)dx 



2k 



2T 



= Jsin(nx)cos(mx) = , 
o 

«7) Jcos 2 («x)^= fsin 2 («x)<& = ^ 

o 

1 " 

/W = -a + ZKcos(wx) + ^sin(nx)] (i) 



A— I 



UBlXII ^iljJI 



a =±]f(x)dx 
* o 

1 2 * 

"„=- jf(x)cos(nx)dx 



n 
\ 

n 



o 

2tt 



b„=- jf(x)sin(nx)dx 



2 * 1 2 * 1 

= -a jdx = -a 2;r = ot3 

o ^ 2 

1 2 * 
^ o 

t>J^> 2^ ^1 «>. J-L^UIj cos(/u) e^<^tA^v>^j 
]f(x)cos(nx)dx = + a„ Jcos 2 (nx)dx = + a„;r 



1 2 * 

^icj^j 2* J\ ^J-UsoJij sin(nx) ^ 0) v> ^, jaLj 

K=~ \f{x)s\n{nx)dx 
* o 

.U^j JjLJI i^UJI ;jjjl»JLI oM^l^sOJ! gSbi 4- U-oi^l j£ 



TA. 



ijs^ ly, /(*) ^jji yui]^^ UmI^l. o^W^i ^ Jo*: ^ 

.(U^) 2a 

*#MjJI ^loJI (i 

CT* V-«JJiyS 4 l . Jfl4 0>^J /(-Jf) = /(*) O^UJI l^j 

2 * 9 * 

<Pj-iJ! UIjJI (ii 

ch» V^toy» o3^i /(-*) = -/(*) io^LiJI y, 

/W = I^sin(^) 

»-l a 



= 7 j/ (*)sin(^L>fc , or =o ,a =0 
A o A 



ij^l ^ y «L-Ui4 o^»3j /(A + jc) = /(*) i^LkJI 



=L OaLiJI r^iLiJI 



*>=\\{x)dx , a 2m ^(f(x)cos(^x)dx 
^2* =7 sin(-^^jt 



Sj^uaJI ^ IjJ^oj^ il^Ul* U^»3j /(A + *) = 

00 

/ (* ) * 2> 2 „ + i cos ( 2w + 0t* +*2«i sin(2w + 1)-* 



JilpJI *Ib (iv 



fl 2« + i - J J/* (* )cos(2w +l)^-xdx 



2 
X 

2 

X 



b 2m + \ =7 y (x )sin(2m +1) —xdx 



iJ^i VMji (i 

y a*j«i4 f(-x) = f( x ) , /(A +*) = f( x ) u^uji y 

/W = T« + 2X* cos(2m T ;c) 



m«:I 



2 



fl o=J J/ ix)dx , <z 2m =- J> (*) cos(2m j x)dx 



: JiljSlI ij^i, <Ib (ii 

/(-*) /(*) , /(A + x) = -/(*) s^^i V 




j^^dkdiiiio 



UBlxll qiUII -= 



/« = IX„ +I cos(2m + l)^x 



4 2 



fl 2m + l = J J/(X)C0S(2W + X)^-Xdx 

/(-*) - -/to' , /(A + x) = /(oc) ^uj) y 

•JO^I (jr 1 ^ ^J^htUyS <!..,t,„-j<i (jj^aJJ 

/« = Z* 2 «sin(2m)f* 

m 

A 

=jjf(x)sm(2m)?-xds 



o 



JiljUl oj> <JIj (iv 

/(-*)' = -/W , /(A + x) = -/to ^LkJI V 
•Jt^l l r I ^!iW i uj-^hj 



*«0 ^ 



4 2 



*2«*i = y jf(x)sin(2m + \)-xdx 



YAT 



jfi^c&uluiio 



, OZx 



/(-*) = ±/(x) , /(A + x) = ±/(jc) 






. 1 3 
"2^ "4* 



1 2 * ^* 

fl « =~ J/Wcos(nx)<fe = -{J X cos(nx)<&+ J;rcos(«x)*k} 

_ 1 j. cos(w;r) ~ 1 , Q j cos(yi^) - 1 



2* 



1 J * ^* 

=~ jf(x)sHnx)dx = --{fxsm( n x)dx+ Lsin(wc)dx} 
/ W = + - Z ~ — cos(>ix) - - sin(*jc) 



TV ««i /I 



x 2 ^ 1 



(T)jOi 



— = y 

8 £f(2/i + l) 2 




1 

/W2 fl o+I«. cos(«ac) 



M-l 



«•« *i 3 



«, = - )f(x)cos(n*)dx = ^ )x> cos(«*)<fc = ££2!^ = J_ ( _,y 



3 *-i 



n 



n - at 1 1 1 1 



3 



(1) 

(jic JiOM = £*OJJ 

(2) 



2 ^T 2 - r 1 1 1 



( ^1 )Zj±±£uJ\ uVjWI 



* 1 1 1 1 

— = -r + -T + -T + -r + ... (3) 
6 l 2 2 2 3 2 4 2 V ' 

J^a»u (V) . (Y) j>4 

8 l 2 + 3 2 + 5 2 + -~£(2*+l) 2 



/(*) = 



\a 



—a 



0<x <n 



(r)jijU 



/(*) = -/(-*) , /(JC + ff) = -/Wjl^ t M! l > 





a 








-K 




-a 


\ it 


— \ 



Uol±ll*il|ll 



/(*) = 5> 2 „ +I sin(2m + 1)* 



M-0 



4 2 



4* 



= - f/(*)sin(2/fi + \)xdx = - fflsin(2w + l)xdx 



4a 



x(2m + l) 



f(x) = — jr sin(2m + i) 
jt «-o 2m + 1 



U)Jli* 



/(*)=/(-*), 


/(*+*)=/(*) 


J 




-2* 




CO JO 





j^qfldkliuio ft— 1711 r j| |H 



1 * 

/(*) = T fl o + Z fl 2« cos(2mx) 

Z m-1 



4 * f 4 V 4 

a Q = — \f (x)dx = — jsin xdk = — 

n o /To fl" 

4 * 4 ' 4 1 

a 2w = — \f(x) cos(2mx)dx = — Jsin xcos(2mx)dx = 



n (1 + 2m)(l - 2m) 

,/ * 2 4 1 _ , 2 4 ^ 1 

n jrf^(l + 2«Xl-2w) ar /r ~, (l-4m 2 ) 

/(x) = 2x-4 , 0<*<4 

. 2A = 8 sj^jji y o,^ 4jb / (x) <jui 



X = 4 /( * + A) = /(*) Li*! J^SJt ^ ujPj /(*) = "/(-*) oi ^ 



- 



-4 



fulfil* sin(2/»)^ sin(^)* 

"»-' * M-I 2 

x ^ 

A. * 7 //«sin(2m)^ = 1 J(2* - 4)sin(^)<fc = zi 



/ W = — ^2-~ sm ( ) • 

7i m-i m 2 



OQ 

/W = 2X~. cos(2m + 1)£ * = cos (2« + 1)£^ 

m *° A m-0 4 

A 

* 2w+1 = |/ /Wc0s(2w + Vj xdx = J J(2* -4)cos(2m + \)^dx 

-16 
(2w + l)V 2 




jyjq^dliuluuo 



/(*)= 



b_ 
a 



■(*-*) , 



0<* <, 



a < x <k 



<JIjOI 



0<x <x 



_-<*♦«) 

-e , -x<x<0 





Ix +3 
3-jc 



, -3*x£0 
, 0<jr£3 
, 3£x £6 



■jam* < \i . A»£n » j± 




Jlj^JiLX** Rimini* a»j! -0 



(O/OOH 



n 

— —x 
2 

n 

— + x 

12 



0<JC <K 



-a <x <0 



1-cosjc , 0<jc < — 

2 



sinx , — < x <n 
2 



... (2n-l)' 32 



II I I II I * 6 



..JT<jc <0 

* £ x £ * 



i-JUia_fl - 1 



* =1 + 1 + 1 + „ tc-a? 



8 



3 2 5 2 



[-61] 5>UJI Cr k./(jr)=|j:| y I all juvjI -V 



/(*) = 



~2x ..n<x <0 

3* 0SIS » -A 



^ - J 



ULJI Jljjd] ^o,^ 4|m,I,,H0 JL^jf - <\ 



(0/(*)=*|*|m -/t^jc 
("0/ (*)= )* sin *| -6£* £6 

-3£* <0 

1 O^x <3 



(v )/(*) = 



(H)f(x)=e x -n<x <,n 
(iv)f (x)=2x+\, -\< x < 1 
-4£* < 
2 0<jc <4 



Liouville -Sturm Problem 



sJiQQilpjiuiJiLuo 



Sturm-Liouville Proplem 



: Judith 

: ioJllII ojl*J| OwiJI <iL— j^u: 



0) 



AM 



B l y(b) + B 2 y l (b) = 



(2) 



^.IjS B 2 j B, j A, j A, 

•J£*J -^^iij^ -pii iiL^, yuai a* 

<£ul - Y 



:<1)jfc 

OJL>JI <JLui^ (j^t cJ-J- :t 



d 2 y 

—~ + Ay = 
ax 

y(0) = ,y'(n) = Q 



(3) 
(4) 



^-(L^) + (0 + U^-)y = 
dx dx ax 



.( Y) Joj^ui ^ ij^sii. jju. (4) ojl>ji Joj^ji j r = 1 j q = O s p = l 



3y(l) + 4y'(l) = 
5y(2)-3y'(2) = 



= 



: ( T)J& 

(5) 
(6) 



/* 2 =^ A=3j A = 2j « = 7j r = jc J _j q = 2x 2 3 p = x ^ 
ibUI j> = ^1 J^i I ^ =-J 3 5 7 =5 j 



(3) 
(4) 



EUiilHI ^plill lH 



: Jail 

. X > 3 X < t X - <JL<*iLa oVU ^jjju* 

Ji (3) v^LiiJi <JjUi Jjtp iJUJUoA 4. t A = (i) 

jF = c,+c 2 x (7) 
X 0) = c I = 9 y(n) « c, +c,*r = 

U» Uljo^ j m 2 + = 0,j^mi ibU! o>^>3 UUJI ,Ju» 4. , A < (ii) 



y = c,e-+c 3 e« (8) 

y(0) = 0=> Cl +c 2 =0, 
y(n) = 0=> Cj e a * + c 2 e~** = 

t>iH5^L-JI J*ll JI^JjIoa, «C ; =C,=0 oT^^UI OhUJ^oj 

* 



± Jii so^Lai ibLdl o^e ilUJI ^ 4 ^ > (iii) 

y^c^in^lAx+CzCosJXx ^ 
y(n) = , c, = 0^ = o ^ rl 

VA-/t,w- 1,2,3, ^ „ b , ^ sinn n = 6 u , 

W=1 ' 2 ' 3 ' (10) 



*JLA 



^hL^JI J»J| CHM-tt5 (Characteristic values)^; I oJ I u^aJ 
JMI cdJa, j .(Characteristic functions) ( ;>UI ) tpliJi j| JjJL >UI 
Wlc-y c„,/i = 1,2,3,... ^ y = c m smnx,n = l,2,3,.~ 



J^jJ yUl iulili jijjj^ , 

dx dx x (11) 

/<i;=0 ,/ro=* (12) 



:J*II 

. A > 3 A = ^uji ^ 



d dy 

' ~dx (x ~dx )::z0 ^ ^ 00 ^Ul ol» ^ = cJl^, tij 
.y = c ln\x\+c 



U^4ut^J-JI 1^02)^^11^13] .6bUil tulicjC 
UUIj ^LUI U*SM A = ^aili^ ^t^lcuttc t<V = c 

2 d y dv 

x & +x i +Xy=0 d3) 

J! U*P (13) & x = e' ^^cji (.loi^Lj 
^ + ^ = fl (14) 

(14) <bujj r ui j^ji ii a > 6 i 

^ = C , W/f VXr + C 2 COS yfXt 
Sj*-J1 ^ 1 > <bUI J* ^ < x > 3 - A > ^lab, 

y = c 1 sin(JXlnx)+c 2 cos(JIlnx) (15 ) 



t>to*a (15)^1^ . (12) Va^Jl O-j^i r ij^a«,L o^ij 
= ^-cosf^/Iln x) - sin(4lln x ) 



(16) 



c t VX VX/zi 1 > - c 2 41 sin(4xin 1) = 



c,=0 



(17) 



^ (16) ^UlIX = ^IfJI ^ ^1 ^lai^Lj 

c x Jle u cos(4Ilne u )-^^Xe lK sin(4llne lx ) = Q 

J\ Jj£i ibUl «^ oP> Ine 2 * = 2;r ^ (17) ^ c,=0 
c 3 J%e 2x sin(2n4k ) = 



nito ^kj « = 1,2,3,... ^ 2nJl = nn sin(2n^) = 



/I 



^ — ~> « = 1,2,3,... 
4 



(18) 



T.Y 




jeiulill eiUI ~= 



,nlnx . 

y-c H cos(——), « = i,2,3,.„ (19) 
« ft 1 - 9 25 

" '4 " 4 ,4, T"" ^ °* U ^ <^ J ' ****** ^ c - = U,3,... ^ 

JMi oh .iimi <JL_ii M , ^ .(18) oMjJl 

a>UU * U I ^co^yf^comx),^^ 

JMI ^l^^L o,L^| c^s c.,„ = 0,l,2,3,... ^ „;>0 4 (i 9) 

A / < X 2 < X 3 < 

:LLaJ 0^(2)^1)^ 

oU^!^ t A w ,n=l,23v..^i^l^^v^^ (I) " 

^Ij] ^fcu J^i ^ ^ 6==uvj> 

A,<A, <A,< 



n — > +oo Lojlui A ->+co . I * 



r.T 

■ 



Jljou a^lj ja-ijL iisic ^ k m , n = 1,2,3,... <^ J^j cll (II) 

.^>SU i^Li* UaI^I o^»3 iuJljJI UaiJI ^ j 



g * = 7,2,5,... ^ A B ipiuJi ^ s^Lu n ^ yb ( ni ) 

o3IUI fuuLllj o^iJI ^ .(II) 3 (I) 0!f ^ ] ^ (r) jm| ^ 

V ;^J« ^133 i^tzu 4- * = 7,2,5,... , A, = n 2 i^aui 

K4<9<16<25< ^| w 

A - = /l ' c„*0j c H sin(nx) <x>\u\ ji ja JI ^ 

■ Wl jtut <^UJ! y /i = 1,2,3,... 3 

c„ * , c„ swf yii ai, 6 ? oAJi ^ (in) ^ 
ipai r UJL y „ = 7,2,5,... 3 X H = n 2 j\ 

nx = kno\^\>\^ 3 \>\sin(nx) = <0<x<k 



cr* c H sin( nx)j[±<>i ^ULj ^ 
<A = 0,±7,±2,±5,... " ( ^ 

kn 

x = — 

<~il 2 >ui ^ 0<*<;r Sj3iJI 4 ^ ^1 (Y .) ^ jUu , V|j 

^ ul tf 1 0^1 ^ (HI) o^ilji a^j, 1^ n = 7,2,5,... f w - 1> 

. i>j3ai spill 4^ (n-1) ^c H sin(nx) ^ 



d'v 

°dS +iy=0 ' y<°)=°> y(-)=o 
aS 7 " 1 " y= ' y(°> =0 > y(L)=o, l>o 

m &+*V m9 ' y(0) = 0, y(n)-y , ( n ) = o 

■ ■ d 'y , „ 

,v> ^ 7+ J,=ff ' y«»-y'(0)=o, y (^- y ' (JI)=0 

vi) i lx i ]+ x y=0, y(1)=0 ' y'< e ') =( > 



Gamma Function UU» , Vji 

00 

r(*)= je-'t'- l dt (1) 



( Rez >0 ja^ v ^^ J oco^aS i ) (;;r ^ JJUlA: ^ 

<y] (1) <J^UXI ^ =1 Uuc, 



T(l)= Je I 



(2) 



ui* J^>u c^^L ( \ ) ibUI j^jy 
r (-*)=- \e"t x dt^~T{x+\) 

X X 

rfr + i).,r fr) (3) 

c>J^u(3) UjUI4.ii =1,2,3, ^i Wf 

r(2) = r(i + i) = ir ( i) = i ^ 

r (3) = 2 r (2) = 2! 

r (4) = 3 r (3) = 3 ! (4) 



r(a) = (j, 



t— >1 < n.*>- (j^auqj til] j 



-3/ _3/ 3 
2 72 



r(o) = r(-i) = = r(-«) =oo 



r(x)r(l-^) = ^-/sin (ttx) 



Beta Function * Lu-u SJla » Lu£ 

^ (/>,*) = Jx'-'O-jt r 1 ^ ,(Rep>0 . Re 9 > 0) (5) 

o 

(OB (p,q) = B (q )P ) ' ^ 

(" ) B (p,q )= T{p) T{q) IT (p +q ) 
(Hi)B(p i q)=B(p + l i q) + B (p,q+l) 



'A 



(J* J^a*u (5) 4_ x =sin 2 Ljui 



B(p,q)=2 jsm 2p - l 0cos 2 <- l de 
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